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Main Topics
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Idea
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Generalization

▶ model: already generic topic (comprising automata, transition
systems, labeled graphs, ...)

▶ control/re�nement: also generic

▶ bisimulation: room for generalization

▶ what about simulations?
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Models

De�nition

A model is a structure M = (V ,E , a) where (V ,E ) is a directed
graph, a : V → 2Π is the node labeling function, and s ∈ V is the
unique initial or start node with I ∈ a(s).

▶ live model: every walk starting at s can be prolonged (no
dead-ends)

▶ reduced model: except possibly s, no node without incoming
edges has an outgoing edge (no ghost streets)

▶ normalized model: both live and reduced model
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Satisfaction and Re�nement

▶ M satis�es Φ, denoted by M |=r Φ, if M is live and s |= Φ.

▶ M ′ = (V ′,E ′, a′) is called a re�nement of M = (V ,E , a) if
V ′ = V , E ′ ⊆ E , and a′ = a.

▶ notation M ′ ≤ M

▶ goal: given M and Φ, �nd M ′ ≤ M with M ′ |=r Φ

Theorem

M |=r Φ ⇔ there is a normalized re�nement M ′ ≤ M with

M ′ |=r Φ.
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Simulations

De�nition

Let M1 = (V1,E1, a1) and M2 = (V2,E2, a2) be two models. A
left-total relation S ∈ V1 × V2 is called an (M1,M2)-simulation if it
ful�lls the following two properties for all u1, u2, v1, and v2:

▶ (v1, v2) ∈ S ⇒ a1(v1) = a2(v2)

▶ (u1, v1) ∈ E1∧(u1, u2) ∈ S ⇒ ∃v2 : (v1, v2) ∈ S∧(u2, v2) ∈ E2

Notation:

▶ M1 ⪯S M2: S is an (M1,M2)-simulation

▶ M1 ⪯ M2: ∃S : M1 ⪯S M2

▶ M1 ≃ M2: M1 ⪯ M2 ∧M2 ⪯ M1 (simulation equivalence,
!!!ATTENTION!!!)
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Autosimulations and Simulation Order

▶ autosimulation for M: (M,M)-simulation

▶ I is autosimulation

▶ closed under composition

▶ v ⪯ w ⇔df ∃ autosimulation S with (v ,w) ∈ S
▶ ⪯ is greatest autosimulation

▶ ⪯ is preorder

▶ v ≃ w ⇔df v ⪯ w ∧ w ⪯ v

▶ ≃ is an equivalence
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Example
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Quotients

De�nition

Let M = (V ,E , a) be a model. Then we de�ne the simulation

quotient M/≃ =def (V /≃,E/≃, a/≃) by

▶ V /≃ =def [V ]≃
▶ ([u]≃, [v ]≃) ∈ E/≃ ⇔df ∃u′ ∈ [u]≃, v

′ ∈ [v ]≃ : (u′, v ′) ∈ E

▶ (a/≃)([v ]≃) =def a(v)

• M/≃ and M are simulation equivalent

• for submodels:
([u]≃, [v ]≃) ∈ M ′/≃ ⇔df ∃u′ ∈ [u]≃, v

′ ∈ [v ]≃ : (u′, v ′) ∈ M ′

• idea here: instead of constructing M ′ ≤ M with M ′ |=r Φ,
construct �rst (M/≃)′ ≤ M with M/≃|=r Φ and derive
susequently M ′ from (M/≃)′
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Expansion

De�nition

Let M be a model, and consider a re�nement (M/≃)′ of its
simulation quotient M/≃. Then we de�ne the expansion

(M/≃)′\≃ as the re�nement of M with the edge set given by

(û, v̂) ∈ (M/≃)′\≃ ⇔df

(û, v̂) ∈ M ∧ ∃([u′]≃, [v ′]≃) ∈ (M/≃)′ : û ∈ [u′]≃ ∧ v̂ ∈ [v ′]≃

• edges in (M/≃)′ serve as indicators which edges from M to
keep in (M/≃)′\≃
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Simulation Quotients vs. Bisimulation Quotients

• bisimulations: ([u]∼, [v ]∼) ∈ M/ ∼ ⇒ ∃(u, v ′) ∈ M with
v ′ ∈ [v ]∼

• simulations: ([u]≃, [v ]≃) ∈ M/≃ ⇒ ∃(u, v ′) ∈ M with v ⪯ v ′

• walks in (M/≃)′ are pushed upwards (wrt. ⪯) in the expansion
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Simulation Up-Closure

De�nition

For a re�nement M ′ ≤ M, the simulation up-closure sucl(M ′) is
given by

(u, v) ∈ sucl(M ′) ⇔df (u, v) ∈ M ∧ ∃u′, v ′ : u′ ⪯ u ∧ v ′ ⪯
v ∧ (u′, v ′) ∈ M ′

Φ is simulation up-closed if for every normalized re�nement
M ′ ≤ M with M ′ |=r Φ also sucl(M ′) |=r Φ holds.

• sucl(M ′) can be seen as the most general re�nement of M
with the same behavior

• F, ⃝F, and □F are simulation up-closed

• ⃝⃝⃝F is not simulation up-closed

14 / 19



Re�nement via Quotients

De�nition

Φ is compatible with simulation equivalence if for all M1 ≃ M2 the
equivalence M1 |=r Φ ⇔ M2 |=r Φ holds.

• examples: ∀CTL, ∀CTL∗ (containing LTL)

De�nition

M is called simulation dominated if for every (u, v) ∈ M there is a
⪯-maximal v ′ ∈ succ(u) with (u, v ′) ∈ M.

• holds in particular for �nite models

Theorem

Let Φ be a simulation up-closed temporal formula compatible with

simulation equivalence, and let M be a simulation dominated

model. Then M is re�neable w.r.t. Φ i� M/≃ is re�neable w.r.t. Φ.
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Dioids

De�nition

A dioid is a structure (∆,⊕, 0,⊗, 1) such that

▶ (∆,⊕, 0) is a commutative and idempotent monoid,

▶ (∆,⊗, 1) is a monoid,

▶ 0 is both a left and right annihilator of ⊗, and

▶ ⊗ distributes both from left and right over ⊕.

• order de�ned by x ⊑ y =def x ⊕ y = y

• used for shortest/maximum capacity paths

• automata theory

• and other topics
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Matrices over Dioids

• matrices over dioids correspond to (complete) labeled graphs

• 0-1-matrices are isomorphic to relations

• equivalence decomposition: E is equivalence ⇒ ∃ right-total
function D with DDt = E

• re�exivity, transitivity etc. de�nable by algebraic means

• relational simulation: G1 ⪯S G2 ⇔ S◦;G1 ⊆ G2; S
◦ and S is

left-total

De�nition

Let A ∈ ∆m×m and B ∈ ∆n×n be two quadratic ∆-matrices, and
let S ∈ {0, 1}n×m be a right-total 0-1-matrix. S is called an
(A,B)-simulation if SA ⊑ BS in which case we write A ⪯S B .
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Linear Fixpoints

• same constructions as in traditional setting (simulation
equivalence etc.)

• A/D =def DtAD, b/D =def Dtb, b̂\D =def Db̂

• interest in �xpoints of f (x) = Ax + b

• b corresponds to (initial) node labeling

• b compatible with A ⇔ Ab = b

Theorem

Let S be a simulation preorder of A ∈ ∆n×n, let D ∈ ∆n×m be an

equivalence decomposition of ES , and let b be a column vector

compatible with S . Assume that xµ is the least solution of the

equation Ax ⊕ b = x , and that x̂µ is the least solution of

(A/D)x̂ ⊕ (b/D) = x̂ . Then we have xµ = x̂µ\D.
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Open Questions

• syntactic/logical characterization of simulation up-closeness of
Φ

• computation of the greatest dioid-based matrix simulation

19 / 19


	Basics

