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Introduction

Motivation I

My personal motivation to investigate situations in which the collection of
complemented relations is closed under composition. This question arose from a
situation encountered in the relation algebraic definition of the real numbers. In this
context, the least upper bound property of the reals becomes:

Theorem (Least-Upper-Bound Property)

For every relation X : A — R we have dom(X) M dom(ubdg(X)) E dom(lubg(X))
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Introduction

Motivation II

If X; C~ is regular, then we have dom(X) M dom(ubdg(X)) = dom(lubg(X)).

where C is the linear strict-order on the reals and a relation R is regular if R = =—R.
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Introduction

Motivation II

If X; C~ is regular, then we have dom(X) M dom(ubdg(X)) = dom(lubg(X)).

where C is the linear strict-order on the reals and a relation R is regular if R = =—R.
We actually have

@ If R is complemented, then R is regular.
@ Cis complemented.

@ If X is complemented and complemented relations are closed under
composition, then X ; C~ is regular.
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Introduction

Motivation III

Examples:

@ Boolean valued relations, i.e., relations of the form A X B — B with a Boolean
algebra B are closed under composition.

@ Fuzzy relations (over the unit interval) that are complemented are closed under
composition.

These examples have in common that the reversed order of the lattice of truth values
is the same lattice again. Therefore, any operation on relations has also its dual
version. In the case of relation algebras, the dual version of composition is known as
the relative sum. For concrete relations it is given by:

O*R={(a,c)|Vb:(a,b)e QV (b,c) € R).

The fact that ; and T are dual to each other is expressed by the equations

O*R=0Q;R, O:R=07R.
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Categories of Relations

Distributive allegories

A distributive allegory R = (Objg, Morg, ;, I, M, L, 1L, 7) is a category satisfying

@ for all objects A and B the collection R[A, B] is a distributive lattice with binary
meet I, binary join L, induced order £, and least element 145,

© QO lpc = L, for all relations O : A — B,

Q@ O =QforallQ:A — B,

Q@ (OQNR) =0 NR forall Q,R: A — B,

@ (Q:R)" =R ;Q foralQ:A—> BandR:B — C,

Q@ O;RNSCQO;RNQ;SforallQ: A — BandR,S: B — C,
@ O;RUS)=Q;RUQ;SforallQ:A - BandR,S: B — C,

@ for all relations Q : A - B, R: B— Cand S : A — C, the modular inclusion
Q;RMNSC Q;(RMQ ;S) holds.
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Categories of Relations

p-allegories

Definition

A pseudo-complemented distributive allegory (or a p-allegory for short) is a structure
R = (Objg, Morg, ;,I,M, L, =, 1L, 7) so that (Objg, Morg, ;, I, M, L, 1L, ") is a
distributive allegory and for all Q,R : A — B we have

QMNRC 1,iff O C —R.

Following usual conventions we call a relation R : A — B a complement of
Q:A—>Biff QN R = lpand Q LR = Tup. Q is called complemented iff it has a
complement.

Definition

A Heyting allegory is a distributive allegory satisfying
Q@ ONRCSIfFQCER — Sforall Q,R,S: A — B,
Q QO;RCSiffQC S/RforallQ:A—> B, R:B—>CandS:A — C.
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Categories of Relations

Example

Consider the set At = {1’,a, b, ¢} and its power set P(At), i.e., the set of all subsets of
At. Using Maddux’s notation the relation algebra 37¢s (distributive allegory with
exactly one object) is defined by the following operations on atoms:

v a [ & [ ¢ ] EXES

{11} {a} {b} {c} v
a {a} | {1',a,b} | {a,b,c} {b, c} a a
b {b} | {a,b,c} | {1',a,b} {a, c} b

c {c} {b,c} {a, c} {1',a,b} c c

‘We consider the subset A = P(AL) \ {{c},{a, c}, {1", c},{1",a,c}}. Itis easy to verify
that this subset is closed under all operations of the relation algebra except
complementation, and is, therefore, also a distributive allegory. Since it is finite, it is
also a p-allegory.

{a} is complemented (in A) because {1’, b, ¢} € A. Furthermore, we obtain

{a}{a} =a;a={1",a,b}.

Since {c} ¢ A, the relation {a} ;{a} is not complemented. 0
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Categories of Relations

Duplex distributive allegories

A duplex distributive allegory R is a distributive allegory and R with the operations
+,D and the reversed order structure is distributive allegory so that

@ Forall relations Q: A —» B, R: B — Cand S : C — D, the mixed lax
associativity law Q;(R%S) C (Q; R) S holds.

© I and D4 are complements, i.e., we have [, MDDy = Ly and [y LDy = Tga.
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Categories of Relations

The duplex allegory Rel(L)

Given a complete Heyting algebra L, an L-fuzzy relation Q from a set A toaset Bis a
function Q : A X B — L, i.e., Q is a characteristic function of an L-fuzzy subset of

A x B. It is well-known that Rel(L) with sets as objects and L-fuzzy relations as
morphisms forms a Heyting allegory.

A complete double Heyting algebra is a complete Heyting algebra so that the
structure by reversing its order is also a complete Heyting algebra.

Let L be a complete double Heyting algebra, then Rel(L) together with the dual
composition

(@1 R)@¢) =[] Q. b) U R(b,0) and D(a, b) = { 0 ifa=b,

1 otherwise.
beB

is a duplex allegory.
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Ideals and dual ideals

Ideals and dual ideals I

Let R be a p-allegory and Q : A — B. Then Q : A — B s called a right ideal iff
Q; T = Q, aleftideal iff T44 ;O = Q, and an ideal iff Ty4 ;O ; Tpp = O.

The collection of all ideal relations between given sets is in a one-to-one
correspondence to the elements of L, justifying that ideals can serve as an abstract
version of the truth values used by the relations in Rel(L).
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Ideals and dual ideals

Ideals and dual ideals I

Let R be a p-allegory and Q : A — B. Then Q : A — B s called a right ideal iff
Q; T = Q, aleftideal iff T44 ;O = Q, and an ideal iff Ty4 ;O ; Tpp = O.

The collection of all ideal relations between given sets is in a one-to-one
correspondence to the elements of L, justifying that ideals can serve as an abstract
version of the truth values used by the relations in Rel(L).

Let R be a duplex allegory. A relation Q : A — B is called a right dual ideal iff
Q% lgp = O, aleft dual ideal iff 1Ly4 T Q = Q, and a dual ideal iff 1Lyy T Q% Lpg = O.
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Ideals and dual ideals

Ideals and dual ideals II

Let R be a duplex allegory. Then we have
Q OQisarightideal iff Q is a right dual ideal,
©Q Qs aleftideal iff Q is a left dual ideal,
@ OQisanideal iff Q is a dual ideal.
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Duplex p-allegories

Duplex p-allegories I

A duplex pseudo-complemented distributive allegory (duplex p-allegory) is a
structure consisting of two p-allegories, i.e., (Objg, Morg, ;,I, M, L, =, 1, ") and
{Objk, Morg, T,D, L, M, ~, T, ) are p-allegories.

Michael Winter On the Dual Composition of Relations 12/19



Duplex p-allegories

Duplex p-allegories I

A duplex pseudo-complemented distributive allegory (duplex p-allegory) is a
structure consisting of two p-allegories, i.e., (Objg, Morg, ;,I, M, L, =, 1, ") and
{Objk, Morg, T,D, L, M, ~, T, ) are p-allegories.

Let R be a duplex p-allegory and Q : A = Band R : B — C. Then we have
@ if O or R is complemented, then -Q % =R = =(Q;R) and ~(Q*TR) = ~Q; ~R,

©Q if Q and R are complemented, then Q ; R and Q t R are complemented and
Q%R ==(~Q:-R)and Q:R = ~(~Q* -R).

Michael Winter On the Dual Composition of Relations 12/19



Duplex p-allegories

Duplex p-allegories 11

It was shown in the context of relation algebras that univalent relations are closed
under dual composition. The proof requires that Q is complemented and, implicitly,
that R is homogeneous.
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Duplex p-allegories

Duplex p-allegories 11

It was shown in the context of relation algebras that univalent relations are closed
under dual composition. The proof requires that Q is complemented and, implicitly,
that R is homogeneous.

Let R be a duplex p-allegory. Thenif Q : A — B, R : B — B are univalent, then Q t R
is univalent.
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Duplex p-allegories

Example

Consider the following two sets A = {a} and B = {a, b} and the relations Q : B — A
and R : A — B defined by

Then both relations are univalent; in fact, these relations are even maps (univalent
and total). We have

Lo (TUul TUO\ (1 1)
Q’R_(ll_ll 1u0)‘(1 1)‘“33'

i.e., O TR is not univalent.
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Duplex Heyting allegories

Duplex Heyting allegories I

Definition

A duplex Heyting allegory R = (Objg, Morg, ;,L, /,1,D, £, M, L, —,~, I, T, ) isa
structure consisting of two Heyting allegories, i.e., {Objg, Morg, ;, I, /,M, L, —, 1, )
and (Objg, Morg, T, D, £, LI, M, ~s, T, ) are Heyting allegories.
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Duplex Heyting allegories

Duplex Heyting allegories I

Definition

A duplex Heyting allegory R = (Objg, Morg, ;,L, /,1,D, £, M, L, —,~, I, T, ) isa
structure consisting of two Heyting allegories, i.e., {Objg, Morg, ;, I, /,M, L, —, 1, )
and (Objg, Morg, 7, D, £, L, M, ~s, T, ) are Heyting allegories.

.

Let R be a duplex Heyting allegory and Q : A — B, R : B — C. Then we have
Q@ O/~R"CQOYRCQ/-R",
Q@ ~O"\RCQOTRLC -0"\R,
© OA~R CQ;RC OK-R",
Q@ ~O"XNRC Q;RC -0 X\R.

A\

Michael Winter On the Dual Composition of Relations 15/19



Duplex Heyting allegories

Hierarchy of residuals

The following diagram visualizes the order relationship between the construction
mentioned above.

~(=Q;-R) “Q"XR  QA-R~  ~(~Q%-R)
-0"\R 0/-R~ 0:R
~ S PN
OTR ~Q”" xR QA~R~
N ~N 7
~(~Q:~R) ~Q"\R  Q/~R~ ~(~Qt~R)
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Duplex Heyting allegories

Example I

For this example we consider the following double Heyting algebra

Consider the following two relations and their pseudo- and quasi-complements

e 0 d 0
o=t g)ae(2)
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Duplex Heyting allegories

Example 1T
‘We compute
wooen=o( Gy
o = §25R625
owe( 6280670
oin=( (LRl
o =( G202
ow=( {2153427
weom = GRiling

©On1yuno)
OnN1)u©OnNo)

(15¢)n(0— 0)
(15 ¢)n0—d)

O-0n(( —-e)
O—-0n0O-e)
(eu0)r1(OUe)
(eLO)n(duUe)

(1-e)n(f —0)
(I-en{f —d

f-0n¢—-e
(1-0n( —e)

Fnhudanf)
Fnnudanf)

)

):

|
|

)~

11
Ini

Ine Ine \_( e e
11 m1 )71 1
e ene \ [ e e

e ene |7\ e e
er0 eno 0 0
eMe eMe e e
eme OnNe e 0
drne One e 0 )
f f (

f

All of those relations are different. Even the meet of the relations above and the join
of the relations below Q T R do not lead to Q T R as the following computations show

0/~R" N-Q"\R = (

Q/~R™ U~Q"\RU~(~Q:~R) = (

1 e[ ¢
e 1

L=}
L=}
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Duplex Heyting allegories

Conclusion and Future Work

@ Proof the Archimedean property of the reals in the context of duplex allegories.
@ Consider arrow categories with an underlying duplex allegory.

Q ..
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