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@ Dynamical motivation.
e Continuous and discrete Conley index
e Shift equivalence
e Normal functors
o Vietoris Theorem
@ Description for the category of finite length modules and linear
relations.
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Conley index [1] - setting

X - locally compact metric space

A continuous map ¢: R x X — X'is a flow provided

©(0,x)
o(t, ¢(s, x))

X’
o(t+ s, x).

S C X is an invariant set for ¢ if

e(R,S) = ] ¢(t,S)=S.
teR

A compact set N C X is an isolating neighborhood if
Inv(N,¢) == {x € N| p(R,x) C N} CintN.

S is an isolated invariant set if S = Inv(N) for some isolating
neighborhood N
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Conley index - setting

ex: Rx X — X, \ € [—-1,1] - a continuous family of dynamical
systems

Proposition ([1])
Let N be an isolating neighborhood for py. Then, for sufficiently small
d > 0, set N is an isolating neighborhood for all ¢, where |\| < 6.

Definition ([1])

Let N C X be a compact set and Sy = Inv(N, ¢,). Two isolated
invariant sets S,, and S, are related by continuation if N is an
isolating neighborhood for all o, A € [Ag, A].
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Conley index - expectations

Q IfInv(N,p) CintN, Inv(N', ) Cint N and Inv(N, ¢) = Inv(N', ),
then the Conley index of N is the same as the index of N'.

@ If the Conley index of N is not trivial, then Inv N # &.

Q IfInv(N,p,) CintNfor X € [0, 1], then the Conley index of N
under g is the same as the Conley index of N under 1

To avoid some technical difficulties the definition of the index works in
the context of isolating neighborhoods, but we are interested in the
structure and properties of invariant sets.
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Pointed spaces

(Y, yo) - a pointed topological space
(N, L) - a pair of spaces with L C N
N/L:=(N\L)Ul[L],

where [L] denotes the equivalence class of points in L in the
equivalencerelatonx ~y < x=yorx,y € L.

(N/L,[L]) - pointed space (in short N/L)
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Homotopy type of pointed space

(X, x0), (Y, ¥o) - pointed spaces
f,g: (X, x) — (Y, yo) - continuous functions with f(xp) = g(x0) = Yo

f is homotopic to g (denote f ~ g) if there exists a continuous function
F: X x[0,1] — Y such that

F(X,O)If(X), F(X,1):g(X), F(X(),S):yofOl'SE[O,-I].
(X, x0) and (Y, yo) are homotopic (denote (X, xo) ~ (Y, o)) if there
exist f: (X, x0) — (Y, y0) and g: (Y, yo) — (X, Xo) such that

fogNidy and gOfNidx.
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Index pair

Definition ([1])
Let S be an isolated invariant set. A pair of compact sets (N, L)
where L C N is called an index pair for S if:

@ S=Inv(cI(N\ L)) and N\ L is a neighborhood of S.

@ Ifx e Landy([0,f],x) C N, then ¢([0, f], x) C L.

@ /fx e N andt; > 0 such that p(t, x) ¢ N, then there exists
o € [0, ] for which ¢([0, fh], x) € N and ¢(ty, x) € L.

Given an isolated invariant set S, there exists an index pair.
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Conley index

Definition ([1])

The homotopy Conley index of S is
h(S) = h(S,¢) ~ (N/L,[L]).

Let (N, L) and (N', L’) be index pairs for an isolated invariant set S.
Then

(N/L, [L]) ~ (N'/L, [L]).

Definition ([1])

The homological Conley index of S is

CH,(S) := H.(N/L,[L]) ~ H.(N, L).
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Properties of the index

Theorem (Continuation property [1])

Let Sy, and S, be isolated invariant sets that are related by
continuation. Then,

CH,(S»,) ~ CH,(Sy,)-

V

Theorem (Wazewski property [1])

Let N be an isolating neighborhood and assume that CH,(Inv N) % 0.
Then, Inv N # .

V.
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Discrete dynamical systems

X - locally compact metric space
f: X — X - a continuous map
N c X. An invariant set of N is defined by

Inv(N, f) :={x e N| f'(x) € Nforall neZ}.

A compact set N is called an isolating neighborhood if
Inv(N, f) CintN.

A set Sis an isolated invariant set if there exists an isolating
neighborhood N such that S = Inv(N, f).
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Definition ([4])
A pair (N, L) of compact subsets of X is called an index pair for an
isolated invariant set S if L C N and

@ cl(N\ L) is an isolating neighborhood for S,

@ f(L)n N C L (positive invariance),

@ f(N\L)C N (exit set).

Theorem ([4])

For any neighborhood V of an isolated invariant set S there exists an
index pair (N, L) for S such that N\ L C V.
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For an index pair (N, L), the index map is the map fy : N/L — N/L
defined by

()] i x, f(x) € N\ L,
i1 (X]) ':{ [L] = otherwise.

Proposition ([4])
For any index pair (N, L) the index map fy  is continuous.
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Shift equivalence [2]

C - a category,
A, B € C - objects,
a: A— A, 3: B— B-endomorphisms,

(A, «) and (B, ) are shift equivalent (denoted o ~ g) if there exist
meN, r: A— Band s: B — Asuch that

roa=pBor, sof=aos, ros=p" sor=a".
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Discrete Conley index

Definition ([2])

The discrete Conley index of S is defined as the shift equivalence
class of fy .

If(N, L) and (N', L") are index pairs for an isolated invariant set S,
then the index maps fy ;. and fy, 1/ are shift equivalent.
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Category of endomorphisms [4,5]

& - a category,

END(&) - a category of endomorphisms of &:
(1) objects:

Obj(END(E)) :={(E,e) | E € Obj(£) and e € Morg(E, E)};
(2) morphisms:

Morenoe)((E, €), (F, 1)) := {p € More(E,F) | poe= fop}.
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Szymczak category [5]

& - a category,

SzyYM(€) - a Szymczak category associated with £:
(1) objects:
Obj(SzYM(E)) := Obj(END(E));

(2) morphisms:
(E,e),(E', &) € Obj(SzyM(&)),
for (¢, m), (@', M) € Morgyp(e)((E, €), (E’, €')) x N

(o, m)=(¢',m) & FkeN poe™th =y oem*
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Szymczak category - morphisms

(2) morphisms:
Morszvm(e)((E, €), (E’, €')) :== Morenp(s)((E, €), (E',€')) x N / =.
(a) composition:
[p,m]: (E,e) — (E',€), [¢',m]: (E',€') = (E",€")

[¢',mo[p,m]:=[p op,m+ n].
(b) the identity:
lide, 0]: (E,e) — (E, e).
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The Szymczak functor [5]

Define a functor SzyM: END(E) — SzyM(E) such that:
(1) for (E, e) € Obj(END(E))

SZYM((E, e)) := (E,e),
(2) forp e MOFEND(E)((E> e),(F.f))

SzyM(p) := [p, 0].
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Normal functor [4,5,6]

C, & - categories,
F: END(E) — C - afunctor.

Definition

A functor F is called a normal functor if and only if F(e) is an
isomorphism in C for any endomorphism e € Morgyp(e)((E, €), (E, €)).
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The Szymczak functor is normal

Every morphism [e,0]: (E, e) — (E, e) in SzyM(€) has an inverse
given by [idg, 1]. Indeed,

[e,0] o [idg, 1] = [e, 1] = [idE, O]

Thus, SzyMm(e) = [e, 0] is invertible in SzYM(E).

Szymczak functor is a normal functor.
- RamICS2026 |
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Universal functor

For every normal functor F: END(E) — C there exists a unique
functor F': Szym(€) — C such that the diagram

END(E) —f.c

SZYMJ /

Szym(€)

commutes.
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Different point of views

@ Szymczak functor and category,
@ shift equivalences:

isomorphism classes in the Szymczak category are equivalence
classes of shift equivalence

@ localization of END category:

the Szymczak category can be seen as a localization of the
END(&) category with respect to the class of morphisms
e € END((E, e), (E, e)).
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The Leray functor [4] - step one

END(&) - category of endomorphisms of graded modules,
(E,e) € END(E)

The generalized kernel of e is defined as
gker(e) := | J{e™"(0) | n € N}.
We have induced monomorphism
e': E/gker(€) > [x] — [e(x)] € E/ gker(e),
because e(gker(e)) C gker(e).

LM(E, e) := (E/ gker(e), €')
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The Leray functor - step one

v: (E,e) — (F,f)-amorphism
We have induced mapping

¢': E/gker(e) — F/ gker(f),
because p(gker(e)) C gker(f).

LM(p) = ¢'.

LM goes from END(E) to a full subcategory of END(E) consisting of
graded modules equipped with monomorphism.
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The Leray functor - step two

(E, e) € END(&) - an object equipped with monomorphism
The generalized image of e is defined as
gim(e) := ({¢"(E) | n€ N}.
The contraction
e”: gim(e) > x — e(x) € gim(e)
is @ monomorphism and an epimorphism.

LI(E,e) := (gim(e), €")
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The Leray functor - step two

v: (E,e) — (F,f) - amorphism of objects equipped with
monomorphisms

We have contraction

¢": gim(e) 2 x — p(x) € gim(f).

Li(p) = ¢".

LI goes from a full subcategory of END(&) consisting of graded
modules with monomorphisms to a full subcategory of END(E)
consisting of graded modules with isomorphisms
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The Leray functor [4]

LM(E, e) := (E/ gker(e), €)

LM() = &'
LI(E,e) := (gim(e), €")
Li(p) = ¢".

The Leray functor is defined as

L:=LloLM
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Multivalued extensions for Conley theory

f: X = Y - a continuous map
Fc X x Y -arelation
p: F— Xand g: F— Y - canonical projections.

Assume
@ p(F)=X,
@ f(x) € g(p~'(x)) for all x € X,
e p~'(x)is acyclic for all x € X.

Let F and X be compact metric spaces. Letp: F — X be a surjective
continuous function. If p~1(x) is acyclic for every x € X, then
p.: H.(F) — H.(X) is an isomorphism.

Then, F, = g. o (p.)~".
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Linear relations

A, B - R-modules

A subset o ¢ A® B is called a linear relation if it is a submodule of
A® B (denoted a: A — B).

Let a: A — Abe alinear relation. The generalized kernel of « is

defined as
gker oy 1= <U a/(0)> )
1eZ
and the generalized image of « is defined as
gimo = ﬂ o (A).
1eZ.
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The Leray functor for REL (R) [3]

REL (R) - the category whose objects are R-modules and whose
morphisms are linear relations

(A,a) € ENDREL (R)
LA: gima>a — acA

ma:A>a — [al € A/ gkera

LE(A,@) = (gima,i,' oaoua),
LM(A,a) = (A/gkera,maoaomy).

RAMICS2026



The Leray functor for REL (R)

(B,B) € ENDREL(R) and ¢: (A, a) — (B, 3)
LE(¢) = (15'0pota)
LM(¢) = (mgoyo 7rg1)
The Leray functor is defined as

L:=LEoLM.

The Leray functor L: ENDREL (R) — ENDREL (R) is a normal functor.
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Classifying strength of functors

C - acategory, A, B € C,

A~ B & Aand B are isomorphic in C
D - a category, F: C — D - a functor
AL Bif F(A) = F(B)
D’ - a category, F': C — D’ - a functor

Definition

We say that F is finer than F’, if A < B implies A £ B for any A,B € C.
If F is finer than F’ and F’ is finer than F, then both functors have
equal classifying strength.
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Classifying strength of Leray and Szymczak functors

Szymczak functor is finer than Leray functor but the converse fails:
R=7Z

(2):Z>x—o2-xc€Z and (0):Z>x—-0€Z

L(Z,(-2)) = L(Z,(-0)) = (0,ido), hence (Z, (-2)) = (Z, (-0)).

Assume [, n]: (Z, (-2)) — (Z,(-0)) and [, m]: (Z, (-0)) — (Z,(-2))
are inverse morphisms in category SzYMREL (Z), then ¢(Z) = {0}.

On the other hand, for z # 0 we have
0 ¢ (-2)*™(2) = (¥ 0 p 0 (-2))(2) = ¥(0). By linearity, 040, a
contradiction.
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Modules of finite length

Definition

Let M be an R-module. We say that M is Noetherian and Artinian, if
every increasing and decreasing sequence of its submodules
stabilizes, respectively.

A module is of finite length if it is both Noetherian and Artinian. We
define FREL (R) to be the full subcategory of REL (R), whose objects
are R-modules of finite length.

v
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Case of Z,, fields

p - a prime number

T:=Zpy®Zp, L:={(0,0)} and (:\): Zp > x — A-x € Zpfor A € Zp

Proposition ([3])

There are exactly p + 3 linear relations on Zp, thatis T, 1, (-0)~' and
(-A) for X € Zp.

Proposition ([3])

Let A, ju € Zp. If (Zp, (-N)) =" (Zp, (-11)), then A = p.

C - the full subcategory of FREL (Z,) with only two objects, which are
the zero space and the Z, field

Proposition ([3])

The objects (Zp, T), (Zp, L), (Zp, (-0)), (Zp, (-:0)~") and (0, ido) are
isomorphic in SzymC
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Example for p =3

2 2 2 ?

1 1 I ! °

L RN °

VR — 0o 1 2 0o 1T 2 1
. ) 0 T s
) 2
4 1
o o
0 T2
(1) (2)

RAMICS2026



General case

Szym

Let (A,«) € ENDFREL (R). Then (A, o) ~ LE(A, a).
V.
Szym

Let (A, ) € ENDFREL (R). Then (A,a) ~ LM(A, ).

Szym

(A, ) ~ L(A, «) for every (A,a) € ENDFREL (R).
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Main results for linear relations

Szym

Let (A, @), (B,3) € ENDFREL (R). Then (A, «) ~ (B, p) if and only if
(A.0) = (B, ).

v

Let (A, ), (B,B) € ENDFREL (R) be such that o and 3 are bijections.
Szym

If (A, a) %' (B, B) then (A, &) ~ (B, B).

v

Corollary ([3])

For any (A, «) € ENDFREL (R) we have
LEoLM(A, @) ~ LMo LE(A, ).
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Counterexample [3]

Order of composition of LE and LM in the Leray functor matters.

Fork e Ny let Ex :=={exs: s=—k,—k+1,....,k—1,k}, where
€k0 =€k, 0 =€ for k,k' S N+.

Let Bk be a relation on Ey defined as ek s Sk €k s+1 for —k < s < k.

Thus 3 := | Jxcn, Bk is a relation (not yet linear) on E := | |,y Ex.
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Relation

€ _o — €2 _

s )

€21 — €22

€3_3 — €3_2 — €31 €31 — €32 — €33
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Counterexample

A - a free Zp-vector space with basis E
a=(f)CAsA
It can be proved that gim o Z a(gim o) and gima € a~'(gim a).

LE(A, ) = (Zo, L) because gima = {0, gy }. Thus,
LMo LE(A, a) = (Z2, L).

Also LMo LE(«) = L (« is treated as an endomorphism of (A, ) in
ENDREL (Zy)).

However, L : (Zz, 1) —o (Z2, L) is not an isomorphism, but LE o LM(«)
must be an isomorphism.
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Thank you for your attention.
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