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Reminder: LTL over words

w1 w2 w3 w4 w5 w6 w7 w8 w9

Xφ φ↔φ U ψ ↔ ψφ φ φ φ φ φ
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Kamp’s theorem (1968)

Over words, FO = LTL

Examples

▶ Every a is finally followed by a b:
FO: ∀x , a(x) ⇒ ∃y , x < y ∧ b(y)

LTL: G(a ⇒ Fb)

▶ There is no b happening before the first a (every b is preceded by an a):
FO: ∀y , b(y) ⇒ ∃x , x < y ∧ a(x)

LTL: (¬b) U a ∨ G¬b

What about pomsets?
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State of the art

[Diekert and Gastin 2006] FO ≡ LTL-style logics over Mazurkiewicz traces

[Johansen 2014] Defines modal logic for higher-dimensional structures

[Zouari et al. 2024] Defines CTL-like (branching time) logic for HDA

[Amrane et al. 2024] Monadic second order (MSO) logic ≡ HDAs
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Interval partially ordered multiset with interfaces (Pomsets)

a c

b d
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b
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=

Formally, given an alphabet Σ:

P set of events

<P precedence order (represented by →),

99KP event order (represented by 99K, or top-to-bottom),

λP : P → Σ labelling function.
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Naïve attempt

Syntax
▶ Next: ⟨→⟩
▶ Event order: ⟨99K⟩, ⟨99K−1⟩
▶ Until: U

a |= ⟨→⟩ ⟨99K⟩ d

iff c |= ⟨99K⟩ d
iff d |= d

a c

b d

a

b

c

d

8 / 17



Naïve attempt

Syntax
▶ Next: ⟨→⟩
▶ Event order: ⟨99K⟩, ⟨99K−1⟩
▶ Until: U

a |= ⟨→⟩ ⟨99K⟩ d
iff c |= ⟨99K⟩ d

iff d |= d

a c

b d

a

b

c

d

8 / 17



Naïve attempt

Syntax
▶ Next: ⟨→⟩
▶ Event order: ⟨99K⟩, ⟨99K−1⟩
▶ Until: U

a |= ⟨→⟩ ⟨99K⟩ d
iff c |= ⟨99K⟩ d
iff d |= d

a c

b d

a

b

c

d

8 / 17



Naïve attempt

Syntax
▶ Next: ⟨→⟩
▶ Event order: ⟨99K⟩, ⟨99K−1⟩
▶ Until: U

a |= ⟨→⟩ ⟨99K⟩ ⟨99K−1⟩ a

iff c |= ⟨99K⟩ ⟨99K−1⟩ a
iff d |= ⟨99K−1⟩ a
if a |= a

a c

b d

a

b

c

d

8 / 17



Naïve attempt

Syntax
▶ Next: ⟨→⟩
▶ Event order: ⟨99K⟩, ⟨99K−1⟩
▶ Until: U

a |= ⟨→⟩ ⟨99K⟩ ⟨99K−1⟩ a
iff c |= ⟨99K⟩ ⟨99K−1⟩ a

iff d |= ⟨99K−1⟩ a
if a |= a

a c

b d

a

b

c

d

8 / 17



Naïve attempt

Syntax
▶ Next: ⟨→⟩
▶ Event order: ⟨99K⟩, ⟨99K−1⟩
▶ Until: U

a |= ⟨→⟩ ⟨99K⟩ ⟨99K−1⟩ a
iff c |= ⟨99K⟩ ⟨99K−1⟩ a
iff d |= ⟨99K−1⟩ a

if a |= a

a c

b d

a

b

c

d

8 / 17



Naïve attempt

Syntax
▶ Next: ⟨→⟩
▶ Event order: ⟨99K⟩, ⟨99K−1⟩
▶ Until: U

a |= ⟨→⟩ ⟨99K⟩ ⟨99K−1⟩ a
iff c |= ⟨99K⟩ ⟨99K−1⟩ a
iff d |= ⟨99K−1⟩ a
if a |= a

a c

b d

a

b

c

d

8 / 17



Sub-events

a c

b d

a1 a2

b1

c1

d1 d2

Example
▶ a1 = (a, a)

▶ a2 = (a, d)

Definition
Sub-event (e,m):
▶ e = the event
▶ m = most recently started event
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Linear Temporal Logic for pomsets

Fix a finite alphabet Σ

Syntax

φ,ψ ::= a | s | t | ¬φ | φ ∧ ψ | ⟨→⟩φ | ⟨99K⟩φ | ⟨99K−1⟩φ | φ U ψ

With a ∈ Σ

▶ Next: ⟨→⟩
▶ Event order: ⟨99K⟩, ⟨99K−1⟩
▶ Until: U

▶ Starts: s
▶ Terminates: t

10 / 17



Linear Temporal Logic for pomsets

Fix a finite alphabet Σ

Syntax

φ,ψ ::= a | s | t | ¬φ | φ ∧ ψ | ⟨→⟩φ | ⟨99K⟩φ | ⟨99K−1⟩φ | φ U ψ

With a ∈ Σ

▶ Next: ⟨→⟩
▶ Event order: ⟨99K⟩, ⟨99K−1⟩
▶ Until: U

▶ Starts: s
▶ Terminates: t

10 / 17



Linear Temporal Logic for pomsets

Fix a finite alphabet Σ

Syntax

φ,ψ ::= a | s | t | ¬φ | φ ∧ ψ | ⟨→⟩φ | ⟨99K⟩φ | ⟨99K−1⟩φ | φ U ψ

With a ∈ Σ

▶ Next sub-event: ⟨→⟩
▶ Event order: ⟨99K⟩, ⟨99K−1⟩
▶ Until: U

▶ Starts: s
▶ Terminates: t

10 / 17



Linear Temporal Logic for pomsets

Fix a finite alphabet Σ

Syntax

φ,ψ ::= a | s | t | ¬φ | φ ∧ ψ | ⟨→⟩φ | ⟨99K⟩φ | ⟨99K−1⟩φ | φ U ψ

With a ∈ Σ

▶ Next sub-event: ⟨→⟩
▶ Event order: ⟨99K⟩, ⟨99K−1⟩
▶ Until: U
▶ Starts: s
▶ Terminates: t

10 / 17



Semantics – Atomic formulas

a c

b d

a1 a2

b1

c1

d1 d2

▶ Letters a ∈ Σ: a2 |= a

▶ Starts/terminates: d1 |= s ∧ ¬t
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Semantics – Next

a c

b d

a1 a2

b1

c1

d1 d2

▶ a1 ̸|= ⟨→⟩ c

because a1 → a2 and a2 ̸|= c

▶ a1 |= ⟨→⟩ ⟨→⟩ c because a1 → a2 → c1 and c1 |= c

▶ a2 ̸|= ⟨→⟩ d because a2 ̸→ d1
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Semantics – Event order

a c

b d

a1 a2

b1

c1

d1 d2

▶ a1 |= ⟨99K⟩ b but a1 ̸|= ⟨99K⟩ d

▶ b1 |= ⟨99K−1⟩ a

Example

⟨∥⟩ a =
k∨

i=0

⟨99K⟩ia ∨ ⟨99K−1⟩ia
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Semantics – Until

a b

c

d

e

a1 b1

c1

d1

c2 e1

▶ a1 |= (a ∨ b) U e

because e1 |= e and a1 |= a ∨ b and b1 |= a ∨ b

▶ a1 ̸|= (a ∨ c) U d because a1 ̸→ c2
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Example

Goal: For any a, there is a b concurrent with a.

G [(a ∧ s) ⇒ (¬t U ⟨∥⟩ b)]

a

b· · · · · ·
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Expressive power

Over pomsets, FO = LTL

Proof sketch

FO for pomsets FO for ST-sequences

LTL for ST-sequencesLTL for pomsets

Kamp’s theorem (1968)

ST-sequences = word representation of pomsets
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Conclusion

Contributions
▶ Sub-events
▶ LTL for pomsets
▶ LTL = FO

Future works
▶ Model-checking algorithms
▶ HDAs are too strict: partial HDAs?

Model-checking
algorithm

Model

HDA

Specification

This talk: define LTL for HDAs

System

Property

Yes

No

a1 a2

b1

c1

d1 d2

17 / 17



ST-sequences

Example:
a c

b d

⇒
[ a•
•b•

][•a•
•b

][•a•
d•

][•a
•d•

][ c•
•d•

][•c
•d•

]
(sparse)

a c

b d

⇒ [•b•]
[ a•
•b•

][•a•
•b

][•a•
d•

][•a
•d•

][ c•
•d•

][•c•
•d•

][•c
•d•

]
(non-sparse)

Properties:3

1. ST-sequences are finite words over a finite alphabet
2. Sparse ST-decompositions are unique
3. ST-sequences are equivalent representations of pomsets

3Amrane et al., “Presenting Interval Pomsets with Interfaces”, 2024
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LTL ST-seq → LTL pomsets – Invariant

a c

b d

a1 a2

b1

c1

d1 d2

φ ∈ LTL ST-seq → ⌜φ⌝s, ⌜φ⌝t ∈ LTL pomsets

[
•a•

d•

]
· · · |= φ ⇐⇒ a2 and d1 |= ⌜φ⌝s

17 / 17



LTL ST-seq → LTL pomsets – Translation

a c

b d

a1 a2

b1

c1

d1 d2

▶ ⌜Xψ⌝s = ⌜ψ⌝t

▶ ⌜Xψ⌝t = ⟨∥⟩(¬t ∧ ⟨→⟩⌜ψ⌝s) = EX⌜ψ⌝s

▶ ⌜ψ1 U ψ2⌝s = (⌜ψ1⌝s ∧ ⌜ψ1⌝t) U (⌜ψ2⌝s ∨ (⌜ψ1⌝s ∧ ⌜ψ2⌝t))

▶ ⌜ψ1 U ψ2⌝t = ⌜ψ2⌝t ∧ EX((⌜ψ1⌝s ∧ ⌜ψ1⌝t) U (⌜ψ2⌝s ∨ (⌜ψ1⌝s ∧ ⌜ψ2⌝t)))
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