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Rels algebra

In the paper b’\narﬁ relations C A x B

Functions and relations Comparison
B r: Ao B B by
oPera’rors Micc
(== '\o\en’r‘\‘rg ] W f o, B
B composition ;Y = f*:Bor A

B converse z°
B residuals x \ ¥

1



12

algebra

what do | actualy need ¢

B \n 3eneral \ (bolo\la) claim that the @ollow'\nﬁ 1S enouﬁh:
> AQ ca’reﬁorﬂ with arrows z: A B

\ 4

‘\o\en’r‘ﬁrﬁ 1, composition x;y, converse z° residuals x \ y.

order on relations © — y
» B few simple axioms

» not the moo\ular‘n‘\j law (Dedekind's rule)

A\ 4



12

algebra

what do | actualy need ¢

B \n 3eneral \ (bolo\la) claim that the @ollow'\nﬁ 1S enouﬁh:
> AQ ca’reﬁorﬂ with arrows z: A B

\ 4

‘\o\en’r‘ﬁrﬁ 1, composition x;y, converse z° residuals x \ y.

order on relations © — y
» B few simple axioms

» not the moo\ular‘n‘\j law (Dedekind's rule)

A\ 4

To Do machine formalisation to check rny claim
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B set of models M and a set of seecifications S,
B a satisfaction relation E: M o3 S and an order <: S e S a.t.
» < is redlexive and fransitive;
» < is sound w.rt E
. mFE s and s <t implies m F 1.
(= completeness of < wat F

\¢ for Qvery m € M, m F s imglies m F ¢, then s < ¢,
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(M, 5, F, <)
“ reQex‘\v‘\’ra) ¢ ’rrans\’r‘\v‘\’rg)
= b e
F<—+F F\F =<
(S0uNaNess) - (completeness)

B Preorder + soundness — representation
&, + com(ole‘reness — exact re(oresen’raﬂon
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semantic Presewa’éwn
/ I
e DT g < g

exactness
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semantic preservation
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et 7, 7" be representations. A reduction is a triple ¢, ¥, T where:

16101 7 s 7!

D S5t (Pl .S T: M o M

and sub\sed to the conditions:
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Prook of completeness of KAT

7 Completeness of KAT

In this section we show that the equational theories of the Kleene algebras with
tests and the *-continuous Kleene algebras with tests coincide by showing that

o~
72

every term p can be transformed into a KAT-equivalent term p such that G(p)
the set of guarded strings represented by 7, is the same as R(p), the set of strings
represented by p under the ordinary interpretation of regular expressions. The
Boolean algebra axioms are not needed in equivalence proofs involving such
terms, so we can apply the completeness result of [16] directly.

Kozen & Smith, CSL 1997
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Prook of completeness of SKA

7 Completeness of SF;

In this section we prove completeness of the SFi-axioms with respect to the
synchronous language model: we prove that for e, f € 7Tsg,, if [e]se, = [fse s

then e =, f. We first prove completeness of SF; for a subset of SF;-expressions,
relying on the completeness result of F; (Lemma 7.3). Then we demonstrate that
for every SFi-expression we can find an equivalent SF;-expression in this specific
subset (Theorem 7.6). This subset is formed as follows.

wageMAKer, bHonsanque, Kapee, Ro Iva 20
3 ker, B 9 ,KPP’,'EJr&S , HPC 2019
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4 Completeness of CKA

Definition 4.1. Let e € 7. We say that e| is a closure of e if both e = €]
and [el] ... = lelsal RoOld.

Lemma 4.1. Suppose that we can construct a closure for every element of T .
If e, f € T such that [e] ., = [flcxss then e =c«a f-

Theorem 4.1. Let e € 7. We can construct a closure e| of e.

Kappe, Brunet, Siva & Zanasi CONCUR 2018

—  @Generic notion of closure
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3 Reductions

Definition 3.1 (Reduction). Assume I' C X and let H, H' be sets of hy-

potheses over X and I respectively. We say that H reduces to H' if KAg - H’
and there exists a map r: T(X) — T(I") such that for all e € T(X),

1. KAy Fe=r(e), and

2. clg([e]) N I™* = clg/([r(e)]).

on Tools for Completeness of Kleene ﬂ Sebra with ngoﬂnegeg. Pous, Rot
k wageraker, RAMICS 2024
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e O ﬁener'\c notion of representations
- with a 3ener‘\c Proo@ ’rechn'\que for completeness
- worth no’r'\nﬁ the instances of reduction we've seen Oﬂ'tj scratch the

surkace — more Pow@r@ul i 3enera|
- also true for the instances of re(oresen’raﬂon :
- SPQC'\Gca’r‘\ons need not be terms

» need not be closed bﬂ any operations

> very fittle structure assumed (# institutions)
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- a Cartesian ca‘reﬁorg ok representations Reer

(== parametric representations: functors Set — Repr
=3 l\@r‘\nﬁ such functors to ereorders, and then to representations

— tiered representations

Ste)
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For the futus
wraany things, stay tuned!
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