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‣ often discharged by tedious structural inductions…
Worst example: CKA + hypotheses
‣ essentially the same as KA + hypotheses
‣ no single lemma could be imported

→  everything had to be redone
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Kleene algebras with hypotheses

[Doumane, Kuperberg, Pous, and Pradic, FoSSaCS 2019]
calculus of axioms
automatic construction of sound interpretations
first systematic techniques to get completeness for classes of 
extensions.

Limits:
syntax of Kleene algebras
fixed alphabet (very propositional)
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A more general framework for completeness proofs.

Based on the notion of representation.

In a nutshell:

a signature free theory
of

syntax/semantic correspondences.
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In the paper: binary relations ⊆ 𝐴 × 𝐵

Functions and relations
𝑓 : 𝐴 → 𝐵

𝑥 : 𝐴 →∘ 𝐵

Operators
identity 1
composition 𝑥; 𝑦
converse 𝑥∘

residuals 𝑥 \ 𝑦

Comparison
𝑥 ⇾ 𝑦

𝑥 ⇿ 𝑦

Misc
𝑓∗ : 𝐴 →∘ 𝐵

𝑓∗ : 𝐵 →∘ 𝐴
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‣ Order on relations 𝑥 ⇾ 𝑦

‣ A few simple axioms
‣ not the modularity law (Dedekind’s rule)

TODO: machine formalisation to check my claim
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‣ ⩽ is reflexive and transitive;
‣ ⩽ is sound w.r.t. ⊨

i.e. 𝑚 ⊨ 𝑠 and 𝑠 ⩽ 𝑡 implies 𝑚 ⊨ 𝑡.
completeness of ⩽ w.r.t. ⊨:
If for every 𝑚 ∈ 𝑀 , 𝑚 ⊨ 𝑠 implies 𝑚 ⊨ 𝑡, then 𝑠 ⩽ 𝑡.
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(𝑀 , 𝑆, ⊨, ⩽)

(reflexivity)
1 ⇾ ⩽

(transitivity)
⩽; ⩽ ⇾ ⩽

⊨; ⩽ ⇾ ⊨

(soundness)
⊨ \ ⊨ ⇾ ⩽

(completeness)

Preorder + soundness →  representation
… + completeness →  exact representation
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KA(𝐴) = (𝐴⋆, Reg(𝐴), ∈; L∗, ⩽KA)
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In general, representation ⟷ (𝑀 , 𝑆, 𝐼 , ⩽) with 𝐼 : 𝑆 → 𝑃 (𝑀) s.t.

∀𝑠1, 𝑠2, 𝑠1 ⩽ 𝑠2 ⇒ 𝐼(𝑠1) ⊆ 𝐼(𝑠2).
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(ℳ︀, ℱ︀, ⊨, {(𝜑, 𝜓)  s.t. ⊢ 𝜑 → 𝜓})

(𝒱︀, Prgm, ⇓, →⋆
𝛽)

(𝒪︀, Prgm, , {(p, q)  s.t. test(p, q) = ⊤)
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reduction

𝜑

semantic preservation

exactness

order preservation

𝜓

loop ppties
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Definition 𝑟 ⟿ 𝑟′ 22

Let 𝑟, 𝑟′ be representations. A reduction is a triple 𝜑, 𝜓, 𝜏 where:

𝜑 : 𝑆 → 𝑆′  𝜓 : 𝑆′ → 𝑆  𝜏 : 𝑀 ′ →∘ 𝑀

and subject to the conditions:

⊨′; 𝜑∗ ⇿ 𝜏 ; ⊨

𝜓∗; ⩽′ ⇾ ⩽; 𝜓∗

𝜓∗; 𝜑∗ ⇾ ⩽  𝜓∗; 𝜑∗ ⇾ ⩾
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lemma

The reduction relation ⟿ is a preorder.

lemma

𝑟 is exact iff ∃ an exact 𝑟′ such that 𝑟 ⟿ 𝑟′.

𝑟′ = (𝑀 , 𝑆, ⊨, (⊨ \ ⊨))
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Proof of completeness of KAT

Kozen & Smith, CSL 1997
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Proof of completeness of SKA

Wagemaker, Bonsangue, Kappé, Rot & Silva, MPC 2019
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Proof of completeness of CKA

Kappé, Brunet, Silva & Zanasi, CONCUR 2018

→  Generic notion of closure
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On Tools for Completeness of Kleene Algebra with Hypotheses. Pous, Rot 
& Wagemaker, RAMiCS 2021
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A generic notion of representations
with a generic proof technique for completeness
worth noting the instances of reduction we’ve seen only scratch the 
surface →  more powerful in general
also true for the instances of representation :
‣ specifications need not be terms
‣ need not be closed by any operations
‣ very little structure assumed (≠ institutions)
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a Cartesian category of representations Repr
parametric representations: functors Set →  Repr
lifting such functors to preorders, and then to representations

→  tiered representations
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…many things, stay tuned!
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