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Context

Contractible simplicial objects1

▶ Several non-equivalent notions of contractibility in simplicial objects

▶ Leading to the description of when there are equivalent
▶ In fact different notions of homotopies
▶ Very combinatorial proofs

1Barr, M., Kennison, J. F., and Raphael, R. “Contractible simplicial objects”. English. In: Commentationes Mathematicæ
Universitatis Carolinæ 60 (4 2019). issn: 0010-2628. doi:
https://doi.org/10.14712/1213-7243.2019.023. uRl:
http://hdl.handle.net/10338.dmlcz/147968.
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Simplicies and simplicial objects

Definition
The category ∆ is given by:
▶ Objects: non-empty ordinals [n] := {0 < 1 < · · · < n},
▶ Morphisms: non-decreasing maps.

[0] [1] [2] [3]
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Simplicies and simplicial objects

Definition
The category ∆ is given by:
▶ Objects: non-empty ordinals [n] := {0 < 1 < · · · < n},
▶ Morphisms: non-decreasing maps.

A simplicial object X in a category C is X : ∆op → C.

X0 X1 X2 X3
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Classical pResentation of ∆
n,m ∈ N,
▶ Non-decreasing injections are generated by δi : [n− 1] → [n], for i ∈ J0, nK and

δi(j) := j if j < i and δi(j) := j+ 1 if j ⩾ i;

▶ Non-decreasing surjections are generated by σj : [n] → [n− 1], for j ∈ J0, n− 1K and
σj(k) := k if k ⩽ j and σj(k) := k− 1 if k ⩾ j+ 1;

▶ Co-simplicial relations are given by:
δjδi = δiδj−1, if i < j
σjδi = δiσj−1, if i < j
σjδi = Id, if i = j, j+ 1
σjδi = δi−1σj, if i > j+ 1
σjσi = σi−1σj, if i > j.
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Simplicial homotopies
CylindRical homotopy

Definition
Let f, g : Set∆

op
[X,Y], a cylindrical homotopy η between f and g is a morphism η : X×∆[1] → Y

such that
X ∼= ∆[0]× X ∆[1]× X ∆[0]× X ∼= X

Y

d0×Id

f
η

d1×Id

g

commutes.
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Simplicial homotopies
CombinatoRial homotopy

Definition
Let f, g : Set∆

op
[X,Y], a combinatorial homotopy between f and g is given by a family of

morphisms (hi,n : Xn → Yn+1)i:J0,nK in Set, such that
▶ d0h0 = fn,
▶ dn+1hn = gn,

▶ dihj =

 hj−1di, i < j
dihi−1, i = j ̸= 0
hjdi−1, i > j+ 1

,

▶ sihj =
{

hj+1si, i ⩽ j
hjsi−1, i > j

.

Link with cylindrical homotopy?
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StRing diagRams

Take a natural transformation µ : GF → H, between functors
F : C → C′, G : C′ → C′′ and H : C → C′′

µ

C ′

C C ′′

GF

H
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The tRicK: ∆ as 2-categoRy
One object: •,

1-morphisms: [n] := [0]n, n ∈ N,
2-morphisms: between [n] and [m] being ∆([n], [m]).

[n]

[2]

[1]

[0]

•

...
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∆ with stRing diagRams

Co-degeneracies

δi :=

0

0

· · ·

i− 1

i− 1 i

i

i+ 1

· · ·

[n− 1]

[n]

10 / 20



∆ with stRing diagRams

Co-faces

σj :=

0

0

· · ·

j

j

j + 1

· · ·

[n+ 1]

[n]
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∆ with stRing diagRams

δjδi = δiδj−1 with i < j

· · ·

i

i

· · ·

j

j

(s1)
= · · ·

i

i

· · ·

j − 1

j

· · ·
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∆ with stRing diagRams

σjδi = δiσj−1, with i < j

· · ·

i

· · ·

j j + 1

· · · (s2)
= · · ·

i

· · ·

j − 1 j

· · ·
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∆ with stRing diagRams

σjδi = Id, for i = j, j+ 1

· · ·

i i+ 1

· · · (s3)
=
i=j

· · ·

i i+ 1

· · ·
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∆ with stRing diagRams

σjδi = δi−1σj, with i > j+ 1

· · · · · · · · · (s4)
= · · · · · · · · ·

16 / 20



∆ with stRing diagRams

σjσi = σi−1σj, with i > j

· · · · · · · · · (s5)
=

i>j+1
· · · · · · · · ·
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=
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CylindRical and combinatoRial homotopies aRe eavalent

1. for i < j, dih̄j ≡ didj+1hj = djdihj = djhj−1di ≡ h̄j−1di using (s1);

2. for i > j+ 1, dih̄j ≡ didj+1hj = dj+1di+1hj = dj+1hjdi ≡ h̄jdi;

3. for i = j ̸= 0, dih̄i ≡ didi+1hi = didihi = didihi−1 = didi+1hi−1 = dihi−1di ≡ h̄i−1di using
(s4);

4. for i = j = 0, d0h̄0 ≡ d0d1h0 = d0d0h0 = d0fn = fnd0 ≡ h̄−1d0 using (s1);

5. for i = j, sih̄i ≡ sidi+1hi = di+1si+1hi = di+1hisi ≡ h̄isi using (s2);

6. for i < j, sih̄j ≡ sidj+1hj = dj+2sihj = dj+2hj+1si ≡ h̄j+1si using (s4);

7. for i > j, sih̄j ≡ sidj+1hj = dj+1si+1hj = dj+1hjsi ≡ h̄jsi using (s4).
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WoRK

▶ link with reduced homotopy
▶ Contractibility as homotopical to constant simplicial sets
▶ Contractibility as augmentations and extra-degeneracies
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