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CONTEXT

Contractible simplicial objects'

> Several non-equivalent notions of contractibility in simplicial objects

"Barr, M., Kennison, J. F., and Raphael, R. “Contractible simplicial objects”. English. In: Commentationes Mathematicz
Universitatis Carolinae 60 (4 2019). 1ssN: 0010-2628. poI:
https://doi.org/10.14712/1213-7243.2019.023. urL:
http://hdl.handle.net/10338.dmlcz/147968.
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CONTEXT

Contractible simplicial objects'
> Several non-equivalent notions of contractibility in simplicial objects
» Leading to the description of when there are equivalent
» In fact different notions of homotopies

> Very combinatorial proofs

"Barr, M., Kennison, J. F., and Raphael, R., “Contractible simplicial objects”.
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SIMPLICIES AND SIMPLICIAL OBJECTS

DEFINITION
The category A is given by:
» Objects: non-empty ordinals [n] := {0 <1< --- < n},

» Morphisms: non-decreasing maps.
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SIMPLICIES AND SIMPLICIAL OBJECTS

DEFINITION

The category A is given by:
» Objects: non-empty ordinals [n] := {0 <1 < --- < n},
» Morphisms: non-decreasing maps.

A simplicial object X in a category C is X : A°®? — C.

XN:XME)@%)@
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CLASSICAL PRESENTATION OF A

n,méeN,
» Non-decreasing injections are generated by &' : [n — 1] — [n], for i € [0, n] and

§'(j):==jifj<i and &(j):=j+1ifj>1i
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CLASSICAL PRESENTATION OF A

n,méeN,
» Non-decreasing injections are generated by &' : [n — 1] — [n], for i € [0, n] and
§'(j):==jifj<i and &(j):=j+1ifj>1i
» Non-decreasing surjections are generated by o/ : [n] — [n— 1], for j € [0,n— 1] and
o/(k) == kifk<j and o/(k):=k—1ifk>j+1;

» Co-simplicial relations are given by:
Yot =671 ifi<
oot = §loi7t, ifi<
olol =1d, ifi=j,j+1

o6t =6"1od, ifi>j+1
ool =o"tal, ifi> .
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SIMPLICIAL HOMOTOPIES

CYLINDRICAL HOMOTOPY

DEFINITION
Let £, g : SET®” [X, Y], a cylindrical homotopy 1) between fand g is a morphism 7 : X x A[1] = Y
such that

X2 AJ0] x X L2 A1) x x &2 AJ0] < x = X

b

Y

commutes.
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SIMPLICIAL HOMOTOPIES

COMBINATORIAL HOMOTOPY

DEFINITION
Let f, g : SET® ’ [X, Y], a combinatorial homotopy between fand g is given by a family of

morphisms (h;, : Xy — Yat1)i[o,n) in SET, such that

> doho = fo,
> dn+1hn = &ns
hi_id;, i<j
» dihj=< dhi_1, i=j#0,

J
hjd,',l, I>j+1

> o — ) hisi i<
Y hisii1, i>j°
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SIMPLICIAL HOMOTOPIES

COMBINATORIAL HOMOTOPY

DEFINITION
Let f, g : SET® ’ [X, Y], a combinatorial homotopy between fand g is given by a family of

morphisms (h;, : Xy — Yat1)i[o,n) in SET, such that

> doho = fo,
> dn+1hn = &ns
hi_id;, i<j
» dihj=< dhi_1, i=j#0,

J
hjd,',l, I>j+1

hip1si, <]

» ¢h =
S’hJ { hjS,',l, i>j :
Link with cylindrical homotopy?
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STRING DIAGRAMS

Take a natural transformation u : GF — H, between functors
F:C—=C,G:C —-C"andH: C—= C"

F G
C/
C C//
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THE TRICK: A AS 2-CATEGORY
One object: o,
1-morphisms: [n] := [0]", n € N,
2-morphisms: between [n] and [m] being A([n], [m]).

]
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/A WITH STRING DIAGRAMS

Co-degeneracies

5=

0

t—1idic+4+1

n—1]
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/A WITH STRING DIAGRAMS

Co-faces

7+ 1
0 I [n+ 1]

]
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/A WITH STRING DIAGRAMS

¥t = 6671 with i < j
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/A WITH STRING DIAGRAMS

ol = 6o/, with i <

i JJ+1 i J—1y
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/A WITH STRING DIAGRAMS

0/d' =1d, fori=j,j+ 1

11+ 1 11+ 1

(;s)

i=j
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/A WITH STRING DIAGRAMS

ol6T = 61od, withi> j+ 1

O
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/A WITH STRING DIAGRAMS

oo’ =0

i—1

of, with i >

(s5)
i>j+1
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/A WITH STRING DIAGRAMS

oo’ = o= 1oJ, with i>j

(s5)
i=j+1
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CYLINDRICAL AND COMBINATORIAL HOMOTOPIES ARE EQUAVALENT

w

A

. fori< j, d,‘hj = d,‘dj_;,_lhj = djd,hj = djhj—ldi = j—ldi using (S]);
. fOf' i > j+ 1, d,hJ = d,‘dj+1hj = dj+1d,‘+1hj = dj_;,_lhjd,‘ = hjd,';
. fori= J 79 O, d,'h,' = didi+1hi = d,'d,'h,' = d,'d,'h,',l = d,'d,'Jrl h,',l = d,'h,',ld,' = h,‘,ld,' using

(s4);

fori=j=0, dohg = dodrhy = dodohy = dofs = fado = h—_1dy using (s1);
for i = j, sih; = sidiy1h; = dip15i41hi = dip1 his;i = hs; using (s2);

for i < j, sih; = sidj1hj = dijosihj = diyahir1si = hjp15si using (s4);

for i > j, sifj = sidiy1hj = dip15i1hy = dip1hjs; = hjs; using (s4).
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WORK

» link with reduced homotopy
» Contractibility as homotopical to constant simplicial sets

> Contractibility as augmentations and extra-degeneracies
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