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@ Involutive po-monoids as models of multiplicative linear logic MLL
(non-commutative MLL, CyMLL, RW,,,)

@ Examples: binary relations, pointed groups, po-groups, Sugihara monoids,
products of a group and Boolean algebra

@ Posets underlying residuated po-magmas and po-semigroups

@ The structure of commutative ipo-monoids with a Sugihara or Boolean
unital component
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Involutive po-monoids

An involutive po-monoid (ipo-monoid) A is an algebraic structure
(A, <,-,~,—,0) such that (A, <) is a poset, - is associative and

(lin) X<y & x-~y<0 & -y-x<0
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Involutive po-monoids

An involutive po-monoid (ipo-monoid) A is an algebraic structure
(A <,-,~,—,0) such that (A, <) is a poset, - is associative and

(lin) X<y & x-~y<0 & -y-x<0

Even without associativity (lin) has some interesting consequences:

—, ~ form a dual Galois connection. I
X<y & —x-~y<0 & ~y<x I:II

Hence —, ~ are order reversing, —~x < x, ~—x < X,

~—~x =~x and —~—x=-x.
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The linear negations are involutive

~—X = X = —~X, I.e., ~, — are involutions.
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The linear negations are involutive

~—X = X = —~X, I.e., ~, — are involutions.

X< —~X & X ~~~X<0 &= x-~x<0 & x<x.

For the next few results we use associativity.

~0 = -0 is an identity element.
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The linear negations are involutive
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~0 = -0 is an identity element.
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The linear negations are involutive

~—X = X = —~X, I.e., ~, — are involutions.

X< —~X & X ~~x<0 & x-~x<0 &< x<x.

For the next few results we use associativity.

~0 = -0 is an identity element.

0-x<y & -0:-x-~y<0 & x-~y<0 & x<y.Hence-0-x=x

and similarly x - ~0 = x. Therefore ~0 = -0 - ~0 = 0.
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The linear negations are involutive

~—X = X = —~X, I.e., ~, — are involutions.

X< —~X & X ~~x<0 & x-~x<0 &< x<x.

For the next few results we use associativity.

~0 = -0 is an identity element.

0-x<y & -0:-x-~y<0 & x-~y<0 & x<y.Hence-0-x=x

and similarly x - ~0 = x. Therefore ~0 = -0 - ~0 = 0.

Naturally ~0 is denoted by 1.



Multiplication is residuated, hence order-preserving

xy<z & x<—(y-~2) & y<~(-z-x). I

xy £z & (—~x)y~2<0 & y~z<~x & x<—-(y~2).

Similarly xy < z &= -zx(~-y) <0 & -zx< -y & y < ~(-zx).
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Algebraic models of multiplicative linear logic (MLL)

The previous results show that ipo-monoids are po-algebraic models of the
non-commutative, non-cyclic multiplicative linear logic

(x+y=—(~y ~x) = ~(=y - —x)).
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Algebraic models of multiplicative linear logic (MLL)

The previous results show that ipo-monoids are po-algebraic models of the
non-commutative, non-cyclic multiplicative linear logic

(x+y=—(~y ~x) = ~(=y - —x)).

With cyclicity (xy < 0 © yx < 0) added, we obtain models of cyclic
multiplicative linear logic (CyMLL), where ~x = —x.

With commutativity (xy < yx) added, we obtain models of the multiplicative
linear logic. MLL entailment has FMP and is decidable (NP-complete!).

Some of these algebras (reducts of distributive commutative involutive
residuated lattices) are models of multiplicative fragment of contraction-free
relevance logic (RW}).

We will see that ipo-monoids come in a form of group-indexed unions of
directed (bounded) connected components (.. ¢ Ag. Depending on additional
axioms or assumptions on the unital component A, we can say a little bit more.
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Examples: binary relations, pointed groups, po-groups

Any set of binary relations A € £(X?) closed under composition and
complement-converse ~R = —R = X2\ R~L. Similarly, weakening relations on a
poset with composition and complement-converse.
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Any set of binary relations A € £(X?) closed under composition and
complement-converse ~R = —R = X2\ R~L. Similarly, weakening relations on a
poset with composition and complement-converse.

A pointed group (A,-,~%,1,0) is a group with an (arbitrary) constant 0.

To obtain an ipo-monoid, let < be equality and define ~x = x~1 - 0 and
-x=0-x"L
A partially ordered group is a structure A = (A, <,-,”%, 1) such that
Q@ (A <X)isaposet
@ (A -1 1)isagroupand
© multiplication is order preserving (hence ~! is order reversing).
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Examples: binary relations, pointed groups, po-groups

Any set of binary relations A € £(X?) closed under composition and
complement-converse ~R = —R = X2\ R~L. Similarly, weakening relations on a
poset with composition and complement-converse.

A pointed group (A,-,~%,1,0) is a group with an (arbitrary) constant 0.

To obtain an ipo-monoid, let < be equality and define ~x = x~1 - 0 and
-x=0-x"L
A partially ordered group is a structure A = (A, <,-,”%, 1) such that

Q@ (A <X)isaposet

@ (A -1 1)isagroupand

© multiplication is order preserving (hence ~! is order reversing).

= 0 =171 =1 and cyclicity holds: ~x = —x = x~L.

Examples: (Z, <, +,—,0), (R, <, +, -, 0), (Q*, <,-,71, 1), all groups (with <is =,
eg. (Z,+,-,0))
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Sugihara ipo-monoids (reducts of algebraic models of RM,,)

S,,: a 2n-element chain ap<-<ap<0<l<b<---<b,
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bJ' Ifl<j
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Sugihara monoid lattice-free reduct)
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Define a; =0, by =1, ~a; = —a; = bj, ~b; = —b; = aj,

bj Ifl<j

aj * aj = Amax(i,j)s bi - bj = bmax(i,j)» aj-bj=>bj-a = {a- otherwise
1

(Sm, <, -, ~, —, 0) is the m-element Sugihara ipo-monoid (the m-element
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S, = 2 is the two-element Boolean algebra
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Sugihara ipo-monoids (reducts of algebraic models of RM,,,)
S,,: a 2n-element chain ap < +<a<0<l<b<---<b,
Son_1:a2n-1-elementchain a,<---<ay<0=1<by<---<b,.

Define a; =0, b =1, ~a; = —a; = bj, ~b; = —b; = aj,

bj Ifl<j

aj - aj = amax(ij)»  bi* bj = bmax(ij)» @i+ bj=bj-ai= {a- otherwise
1

(Sm, <, -, ~, —, 0) is the m-element Sugihara ipo-monoid (the m-element
Sugihara monoid lattice-free reduct)

S, = 2 is the two-element Boolean algebra

Sz is also known as the Gaifman-Pratt ipo-monoid
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Models from products of groups and Boolean algebras

Let G be a group with subgroup H.
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Models from products of groups and Boolean algebras
Let G be a group with subgroup H.
Define 2g.y = H xS, U (G\ H) xS; with

(g.a)-(g'.a') = (gg’,aa’) and ~(g,a) = (g7',~a) = —(g, a).
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Models from products of groups and Boolean algebras
Let G be a group with subgroup H.
Define 2g.y = H xS, U (G\ H) xS; with

(g.a)-(g'.a') = (gg’,aa’) and ~(g,a) = (g7',~a) = —(g, a).

Th  Th

!

R

L Lh g g

Then A is an ipo-monoid. A is a conuclear image of G x 2 (the conucleus is the
map (g’ X) i (g’ Tg . Tg_l : X))-
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Conuclei on ipo-monoids

A conucleus on an ipo-monoid is a monotone interior operator:

@ 5(x) <x

@ 6(6(x)) = 6(x)
such that

@ 4(x) - 6(y) <6(xy)

e 6(1)=1

@ 5(=(0(~d(x)))) <6(x) and  (~(6(-6(x)))) < d(x)
For x € 6[A] define ~sx=6(~x) and —sx=4d(—x). Then

A6 = (6[’4]’ <5 6(0)a ~os _5)

is an ipo-monoid.
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222,{e} and Zp X 2

One of the simplest examples of ipo-monoids 27, () arises as a conuclear image
of the product algebra Z, x 2:

1

0 oa

a = ~a acts as an infectious value, but a° = 0, and a3 = a.
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222,{e} and Zp X 2

One of the simplest examples of ipo-monoids 27, () arises as a conuclear image
of the product algebra Z, x 2:

1I

0 oa

a = ~a acts as an infectious value, but a2 = 0, and a3 = a.

We will later discuss inequational bases for the (po-)varieties generated by
27,.(e} and by Z, x 2.
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Partially ordered algebras

A po-algebra is a partially ordered set with operations that are either
order-preserving or order-reversing in each argument.

A variety of po-algebras is a class of similar po-algebras defined by equations or
inequations [Pigozzi 2004].

A residuated partially ordered magma or rpo-magma A = (A,<,-,\,/) isa
partially-ordered set (A, <) with a binary operation - and two residuals that
satisfy forall x,y,z € A

(res) xy<z & x<zl]y & y<x\z

The operation x - y is usually written xy.
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Residuated po-magmas are a po-variety

Residuation ensures that x/y and y\x are order-preserving in the numerator (x
position) and order-reversing in the denominator.

xy is order-preserving in both arguments.

(res) is equivalent to x < xy/y, (z/y)y < z, y < x\xy, x(x\z) < z hence
rpo-magmas are a variety of po-algebras.

Although rpo-magmas are very general, (res) imposes restrictions on the posets
that can occur.

E.g. could v I be the poset of a rpo-magma?
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For rpo-magmas, if a, b < c then (a/(a\c))((c/(a\c))\b) < a, b. I

Assume a < c.

Il

Assume b < c.

Juull

MB, Peter Jipsen, and Melissa Sugimoto

Then a/(a\c) < c/(a\c)
(c/(a\c))\b < (a/(a\c))\b
(a/(a\c))((c/(a\c))\b) < b
Then a\c <a\c
a(a\c) <c
a<c/(a\c)
(c/(a\c))\b< a\b < a\c
a/(a\c) < a/((c/(a\c))\b)
(a/(a\c))((c/(a\c))\b) < a

RAMICS, April 8, 2026
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Finite rpo-magmas have bounded components

In any rpo-magma, if d < a, b then

a, b < d/(((a\d)/(a\(d\d)))((d\d)/(a\(d\d)))\(b\d)))

In an rpo-magma every connected component of < is up-directed and
down-directed, hence for finite rpo-magmas every connected component is
bounded.

Two elements x, y in a poset are connected iff there exists a zigzag

Z1 z3 z5 Z,W y
X Z2 Z4 Zn

We need to find an upper and a lower bound of x, y.
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What posets underly rpo-magmas?

In a poset define xavy if x and y are in the same connected component.
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What posets underly rpo-magmas?

In a poset define xavy if x and y are in the same connected component.

For any po-algebra the relation a~ is a congruence.

For a rpo-magma A the quotient algebra A/~ is a quasigroup with < as equality,
e, xy=z = x=z/y — y=x\z

Conversely, from any quasigroup Q and a pairwise disjoint family of bounded posets
A, for g € Q, one can construct an rpo-magma with poset U cq Ag-
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What posets underly rpo-magmas?

In a poset define xavy if x and y are in the same connected component.

For any po-algebra the relation a~ is a congruence.

For a rpo-magma A the quotient algebra A/~ is a quasigroup with < as equality,
e, xy=z = x=z/y — y=x\z

Conversely, from any quasigroup Q and a pairwise disjoint family of bounded posets
A, for g € Q, one can construct an rpo-magma with poset U cq Ag-

E.g. for a quasigroup Q and x € A,, y € A, define

Xy =lpg x\y = Tp\q xly =Tpjq-
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Residuated po-semigroups

A rpo-semigroup or Lambek algebra is a rpo-magma where - is associative.
These are algebraic models of Lambek Calculus.

If the poset is an antichain then a rpo-semigroup is a group. I

MB, Peter Jipsen, and Melissa Sugimoto RAMICS, April 8, 2026 17/34



Residuated po-semigroups

A rpo-semigroup or Lambek algebra is a rpo-magma where - is associative.
These are algebraic models of Lambek Calculus.

If the poset is an antichain then a rpo-semigroup is a group. I

An associative quasigroup is a group: x = y\yx = y(y\x). Hence
x =x(x\x) = xy =x(x\x)y = y = x\xy = (x\x)y = y/y = x\x.
So x\x = e is constant, xe = x and ey = y, i.e., e is an identity.

1

Now (e/x)x = e = x(e/x)x = x = x(e/x) = x/x = e,50 x™* = e/x. O
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Residuated po-semigroups

A rpo-semigroup or Lambek algebra is a rpo-magma where - is associative.
These are algebraic models of Lambek Calculus.

If the poset is an antichain then a rpo-semigroup is a group. I

An associative quasigroup is a group: x = y\yx = y(y\x). Hence
x =x(x\x) = xy =x(x\x)y = y = x\xy = (x\x)y = y/y = x\x.
So x\x = e is constant, xe = x and ey = y, i.e., e is an identity.

1

Now (e/x)x = e = x(e/x)x = x = x(e/x) = x/x = e,50 x™* = e/x. O

= For any rpo-semigroup A (and therefore for any ipo-monoid) the quotient
A/~ is a group.
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Ipo-monoids with additional assumptions

The connected components of A are denoted A, for g € A/av, with the unital
component 1 € A.. All components are up-and-down-directed.
If any component is bounded, they are all bounded.
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Ipo-monoids with additional assumptions

The connected components of A are denoted A, for g € A/av, with the unital
component 1 € A.. All components are up-and-down-directed.
If any component is bounded, they are all bounded.

The order of x € A is the smallest positive n such that x” € A, or « if no finite n
exists. If every element has a finite order, they all divide the order of the group,

so AnVx(x"m1). We are interested in properties of the map f : x — x”, namely

if it is an order embedding and what is its image.
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Ipo-monoids with additional assumptions

The connected components of A are denoted A, for g € A/av, with the unital
component 1 € A.. All components are up-and-down-directed.
If any component is bounded, they are all bounded.

The order of x € A is the smallest positive n such that x” € A, or « if no finite n
exists. If every element has a finite order, they all divide the order of the group,

so AnVx(x"m1). We are interested in properties of the map f : x — x”, namely

if it is an order embedding and what is its image.

In particular we look at
@ Ipo-monoids where 0 < 1, and A, is idempotent
@ Ipo-monoids with x"*! = x for some n (n-periodic contraction)
@ Ipo-monoids where x <0or1 < x forall x € A¢
@ weakly integral ipo-monoids (1 < x = 1 = x)
@ Ipo-monoids where A, is an ipo-Sugihara monoid, or a Boolean algebra.
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What about cyclicity/commutativity?

@ Ipo-monoids consisting of finite chains are cyclic.

@ Weakly integral po-monoids with 0 < 1 are cyclic, because their
components are bounded (0x = x0 is the bottom element L < x).

@ Cyclic ipo-monoids with a Boolean A. are commutative if they satisfy
x™1 = x for some n > 2. Not all cyclic ipo-monoids with a Boolean A, are
commutative.

@ If (every element of A has a finite order), Ac = {x | x<0Vv1<x},0<1and
A. is idempotent, then

» A is cyclic if and only if A is balanced

(x - ~x=-x-x=0 and x\x=x/x=:1,)
» If A is cyclic then A. is a commutative subalgebra of A,
» If A, is cyclic and A is finite, then A is cyclic.

@ Ipo-monoids with a Sugihara A. = S,,, are all cyclic (and therefore balanced).

@ There are finite single-component non-cyclic ipo-monoids (6 elements),
even chains (7 elements).
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bT

bc
TC

OwLL 190b=b0=0c=c0

Figure: Noncommutative cyclic ipo-monoid with Boolean unital component. Note that
x3 = x fails in this po-algebra since B> = b-~b- b=0b= L.

o5

—bQba abp—a

0

Figure: Smallest noncyclic ipo-monoid with a single connected component.
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Ipo-monoids where 0 < 1 (A, is a subalgebra of A)

In an ipo-monoid with 0 < 1, for any n, (~x)" < ~x" and (—x)" < —x".
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Ipo-monoids where 0 < 1 (A, is a subalgebra of A)

In an ipo-monoid with 0 < 1, for any n, (~x)" < ~x" and (-x)" < —x".

By induction, assume (~x)" < ~x". Then x"(~x)" <0 < 1.

Now x - x"(~x)" - ~x < x - ~x < 0.

Hence x™1(~x)™! < 0 and therefore (~x)™! < ~x"*1,
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Ipo-monoids where 0 < 1 (A, is a subalgebra of A)

In an ipo-monoid with 0 < 1, for any n, (~x)" < ~x" and (-x)" < —x".

By induction, assume (~x)" < ~x". Then x"(~x)" <0 < 1.

Now x - x"(~x)" - ~x < x - ~x < 0.

Hence x™1(~x)™! < 0 and therefore (~x)™! < ~x"*1,

The converse inequality ~x" < (~x)" is not true in general: it fails for x = 2 and
n = 2 in the following three-element ipo-monoid with a = ~a acting as an
infectious value, and a2 = 0 and a3 = a:

1I
0 oa
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Commutative ipo-monoids where 0 < 1 and A, idempotent

Let A be a commutative ipo-monoid with a unital component that is idempotent.
Then

@ A. is alocally-integral ipo-monoid. Positive elements A* of A form a
join-semilattice.
@ Aissteady: 1, -1, =1,,

A is commutative, and therefore cyclic and balanced. The units 1, = x\x > 1 are
positive, 1, - x = x. If x € A, then x < 1, and x\1, = 1, by idempotence.

By Thm. 5.1 of the paper below, fibers A, = {y | 1, = 1, } of A. are Boolean.
Proof of steadiness essentially uses commutativity. O
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Commutative ipo-monoids where 0 < 1 and A, idempotent

Let A be a commutative ipo-monoid with a unital component that is idempotent.
Then

@ A. is alocally-integral ipo-monoid. Positive elements A* of A form a
join-semilattice.
@ Aissteady: 1, -1, =1,,

A is commutative, and therefore cyclic and balanced. The units 1, = x\x > 1 are
positive, 1, - x = x. If x € A, then x < 1, and x\1, = 1, by idempotence.

By Thm. 5.1 of the paper below, fibers A, = {y | 1, = 1, } of A. are Boolean.
Proof of steadiness essentially uses commutativity. O

Ae can be constructed as a Ptonka sum of its fibers A,, indexed by the join
semilattice A*. Which ipo-monoids A can we construct using Ptonka sums?
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Commutative ipo-monoids where 0 < 1 and A, idempotent

Let A be a commutative ipo-monoid with a unital component that is idempotent.
Then

@ A. is alocally-integral ipo-monoid. Positive elements A* of A form a
join-semilattice.
@ Aissteady: 1, -1, =1,,

A is commutative, and therefore cyclic and balanced. The units 1, = x\x > 1 are
positive, 1, - x = x. If x € A, then x < 1, and x\1, = 1, by idempotence.

By Thm. 5.1 of the paper below, fibers A, = {y | 1, = 1, } of A. are Boolean.
Proof of steadiness essentially uses commutativity. O

Ae can be constructed as a Ptonka sum of its fibers A,, indexed by the join
semilattice A*. Which ipo-monoids A can we construct using Ptonka sums?
J. Gil-Férez, P. Jipsen, M. Sugimoto: Locally integral involutive PO-semigroups, Fundamenta
Informaticae, Volume 195, 1-4, 7, (2025) 1-29
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Example: Sg
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Commutative ipo-monoids with Boolean unital component

Let A be a commutative ipo-monoid with a unital component that is a Boolean
algebra B and denote the group A/~ by G. Then A is a conuclear image of G x B
and all components of A are isomorphic to principal ideals of B.

The conuclear map on G x B is defined by 6((g,x)) = (g, Tg - Tg1 - x). The

proof uses that Tg - Tg1 - Tg = Tg.

In case every element of A has a finite order, we obtain the following insight: let
order of x,y € Az be n. Then

@ x"=y"iff x =y, and

— o+l _ . .
@ X=X =X Tg Tg—l.
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Commutative ipo-monoids with Boolean unital component

Let A be a commutative ipo-monoid with a unital component that is a Boolean
algebra B and denote the group A/~ by G. Then A is a conuclear image of G x B
and all components of A are isomorphic to principal ideals of B.

The conuclear map on G x B is defined by 6((g,x)) = (g, Tg - Tg1 - x). The

proof uses that Tg - Tg1 - Tg = Tg.

In case every element of A has a finite order, we obtain the following insight: let
order of x,y € Az be n. Then

@ x"=y"iff x =y, and

— o+l _ . .
@ X=X =X Tg Tg—l.

We will use conuclear images of G x B as fibers of Ptonka sums to construct
commutative ipo-monoids (e.g. those with Sugihara unital component).
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Ipo-monoids where 0 < 1,and x <0or1 < x forall x € A
Note that the assumptions hold if A, =~ S,.

Let A be an ipo-monoid such that 0 < 1 and (x < 0or 1 < x) forall x € A..
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Ipo-monoids where 0 < 1,and x <0or1 < x forall x € A
Note that the assumptions hold if A, =~ S,.

Let A be an ipo-monoid such that 0 < 1 and (x < 0or 1 < x) forall x € A..

If x,y € Ag have order nthen f : A, — A. given by f(x) = x" is an order
embedding.
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Ipo-monoids where 0 < 1,and x <0or1 < xforall x € A
Note that the assumptions hold if A, =~ S,.

Let A be an ipo-monoid such that 0 < 1 and (x < 0or 1 < x) forall x € A..

If x,y € Ag have order nthen f : A, — A. given by f(x) = x" is an order
embedding.

Assume x" < y". We want to show x < y.
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Ipo-monoids where 0 < 1,and x <0or1 < xforall x € A
Note that the assumptions hold if A, =~ S,.

Let A be an ipo-monoid such that 0 < 1 and (x < 0or 1 < x) forall x € A..

If x,y € Ag have order nthen f : A, — A. given by f(x) = x" is an order
embedding.

Assume x" < y". We want to show x < y.

Suppose x £ y,thenx -~y £ 0. Note x,y € A, = x -~y € A.
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Ipo-monoids where 0 < 1,and x <0or1 < xforall x € A
Note that the assumptions hold if A, =~ S,.

Let A be an ipo-monoid such that 0 < 1 and (x < 0or 1 < x) forall x € A..

If x,y € Ag have order nthen f : A, — A. given by f(x) = x" is an order
embedding.

Assume x" < y". We want to show x < y.

Suppose x £ y,thenx -~y £ 0. Note x,y € A, = x -~y € A.

From (z<0or1<z) forze A. we conclude 1 < x - ~y.
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Ipo-monoids where 0 < 1,and x <0or1 < xforall x € A
Note that the assumptions hold if A, =~ S,.

Let A be an ipo-monoid such that 0 < 1 and (x < 0or 1 < x) forall x € A..

If x,y € Ag have order nthen f : A, — A. given by f(x) = x" is an order
embedding.

Assume x" < y". We want to show x < y.

Suppose x £ y,thenx -~y £ 0. Note x,y € A, = x -~y € A.

From (z<0or1<z) forze A. we conclude 1 < x - ~y.

Hencel<x -~y <x:-1l-~y<x:-x-~y:-~y<---<x"-(~y)".
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Ipo-monoids where 0 < 1,and x <0or1 < xforall x € A
Note that the assumptions hold if A, =~ S,.

Let A be an ipo-monoid such that 0 < 1 and (x < 0or 1 < x) forall x € A..

If x,y € Ag have order nthen f : A, — A. given by f(x) = x" is an order
embedding.

Assume x" < y". We want to show x < y.
Suppose x £ y,thenx -~y £ 0. Note x,y € A, = x -~y € A.
From (z<0or1<z) forze A. we conclude 1 < x - ~y.
Hencel<x -~y <x:-1l-~y<x:-x-~y:-~y<---<x"-(~y)".

By the preceeding lemma and x" < y", x" - (~y)" < x" - ~y" < 0.

MB, Peter Jipsen, and Melissa Sugimoto RAMICS, April 8, 2026 25/34



Ipo-monoids where 0 < 1,and x <0or1 < xforall x € A
Note that the assumptions hold if A, =~ S,.

Let A be an ipo-monoid such that 0 < 1 and (x < 0or 1 < x) forall x € A..

If x,y € Ag have order nthen f : A, — A. given by f(x) = x" is an order
embedding.

Assume x" < y". We want to show x < y.
Suppose x £ y,thenx -~y £ 0. Note x,y € A, = x -~y € A.
From (z<0or1<z) forze A. we conclude 1 < x - ~y.
Hencel<x -~y <x:-1l-~y<x:-x-~y:-~y<---<x"-(~y)".
By the preceeding lemma and x"” < y”, x" - (~y)" < x" - ~y" < 0.

Therefore x - ~y < 0, a contradiction.
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Ipo-monoids where 0 < 1,and x <0or1 < x forall x € A, and

A. is idempotent
All components A, are chains.
If all the components are finite chains, then A is cyclic.
If any component has a bottom element, all components are bounded.
A is cyclic if and only if A is balanced.
If Acis cyclic then A, is a commutative subalgebra of A,
If Acis cyclic and A is finite, then A is cyclic.
Assuming every element of A has a finite order, x — x" is an order
embedding A, — A, x = x™*1, and
@ every element of A is either a lower element (x” < 0 and
x" = x - ~x = —x - x) or an upper element (1 < x"” and x" = x\x = x/x),
therefore A is balanced.
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Ipo-monoids where 0 < 1,and x <0or1 < x forall x € A, and
A. is idempotent

All components A, are chains.

If all the components are finite chains, then A is cyclic.

If any component has a bottom element, all components are bounded.
A is cyclic if and only if A is balanced.

If Acis cyclic then A, is a commutative subalgebra of A,

If Acis cyclic and A is finite, then A is cyclic.

Assuming every element of A has a finite order, x — x" is an order
embedding A, — A, x = x™*1, and

every element of A is either a lower element (x" < 0 and

x" = x - ~x = —x - x) or an upper element (1 < x"” and x" = x\x = x/x),
therefore A is balanced.

Every element is either a lower element (f(x) < 0and x = x - ~x - x) or an
upper element (1 < f(x) and —x = —x - x - —x).

There is an order embedding f : A, — A, generated by x — 0, on lower
elements (if A is balanced).

MB, Peter Jipsen, and Melissa Sugimoto On the structure of ipo-monoids RAMICS, April 8, 2026 26/34



Structure of ipo-monoids with A, = S,

Let A be an ipo-monoid with A, = S, where every element is of a finite order. Then
A is a disjoint union of chains, each with < k elements, and - determined by
subgroups of A/a~. Moreover, A is cyclic and balanced.
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Structure of ipo-monoids with A, = S,

Let A be an ipo-monoid with A, = S, where every element is of a finite order. Then
A is a disjoint union of chains, each with < k elements, and - determined by
subgroups of A/a~. Moreover, A is cyclic and balanced.

Let G = A/~w. Themap f : A, — Ac is an order embedding. Therefore all
connected components are chains with < k elements.
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Structure of ipo-monoids with A, = S,

Let A be an ipo-monoid with A, = S, where every element is of a finite order. Then
A is a disjoint union of chains, each with < k elements, and - determined by
subgroups of A/a~. Moreover, A is cyclic and balanced.

Let G = A/~w. Themap f : A, — Ac is an order embedding. Therefore all
connected components are chains with < k elements.

Forl</<k,letH, ={geG|/<|Ag}.
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Structure of ipo-monoids with A, = S,

Let A be an ipo-monoid with A, = S, where every element is of a finite order. Then
A is a disjoint union of chains, each with < k elements, and - determined by
subgroups of A/a~. Moreover, A is cyclic and balanced.

Let G = A/~w. Themap f : A, — Ac is an order embedding. Therefore all
connected components are chains with < k elements.

Forl</<k,letH, ={geG|/<|Ag}.

Then H, < --- < Hy < H; = Gis a nested sequence of subgroup of G and these
subgroups uniquely determine the multiplication on the algebra. O
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Structure of ipo-monoids with A, = S,

Let A be an ipo-monoid with A, = S, where every element is of a finite order. Then
A is a disjoint union of chains, each with < k elements, and - determined by
subgroups of A/a~. Moreover, A is cyclic and balanced.

Let G = A/~w. Themap f : A, — Ac is an order embedding. Therefore all
connected components are chains with < k elements.

Forl</<k,letH, ={geG|/<|Ag}.

Then H, < --- < Hy < H; = Gis a nested sequence of subgroup of G and these
subgroups uniquely determine the multiplication on the algebra. O

We can obtain this insight without assuming finite order, if A is balanced.
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Structure of ipo-monoids with A, = S,

Figure: A commutative ipo-monoid with Sugihara unital component
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Structure of commutative ipo-monoids with A. = S, - Ptonka
sums

Every commutative ipo-monoid A with A, = S, can also be constructed using a
Ptonka sum over

@ alinear join-semilattice of positive elements A* with the bottom element 1,
@ A" directed system of ipo-monoids A, = {y | 1, = 1,} (fibers)

° |AxNAg <2

@ fibers are ipo-monoids of the form 2¢ 4.

Conjecture: Every commutative ipo-monoid A with A. =S, and G = A/smvis a
conuclear image of G x S.

J. Gil-Férez, P. Jipsen, M. Sugimoto: Locally integral involutive PO-semigroups, Fundamenta
Informaticae, Volume 195, 1-4, 7, (2025) 1-29.

S. Bonzio, J. Gil-Férez, P. Jipsen, A. Pfenosil, M. Sugimoto: On the structure of balanced
residuated partially ordered monoids, RAMICS,(2024).

X. Zhuang: Unilinear residuated lattices, (2023) Electronic Theses and Dissertations, 2335,
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Structure of commutative ipo-monoids with A, = S, - Ptonka

sums

=

1d1 [ ] O~di O~dy O~d3 O~ds O~ds O~dp OQ

OT ql)a
0, ® Ob Oby Obs

1, @ ~c1 O~ O~Ce3
R
b ~by ’
/
10

0, @ a &) c3

s

Cs

C6

\;Ozﬁ‘ Odi Odr Ods Ody Ods Ods Ody Odg Odg Odig Odi; Odiz Odiz Odia Odis

Figure: Example of a Ptonka sum 27, (¢} L+J¢1L+J¢L+J¢3
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Ipo-monoids with x™! = xand 0 < 1

Note that n-periodic contraction x"*1 = x holds for ipo-monoids of finite order,
e.g. those with A, = S, or commutative ones with A, € BA.

@ x"1 = x means x C x" (the monoid-induced order)
@ x"1 = x implies x"a~1, and x" is idempotent, and (x")" = x".

@ x™ = xIFF x - ~x < x" < x\x and —x - x < x" < x/x

In a finite ipo-monoid A satisfying x"*! = x for n = |G|, and 0 < 1, with f : x — x":
@ Fixpoints of f coincide with the idempotents of A, and they form a cyclic
balanced subalgebra of A (of C,)
@ A" ={x|x<1orl < x}isasubalgebra of Idmp(A), where {x |0 < x <1}isa
Boolean algebra, and {x | x < 0 or 1 < x} is a (reduct of) Sugihara monoid.
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27, (e} and Z; x 2-generated (po-)varieties

a+ BI
32 oa
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27, ey and Zp x 2-generated (po-)varieties

a+aI
32 oa

The order is definable: x < y IFF 1 = x\y.
The term 7(x) := ~x? - (x + x) equals 1 if x = a, and equals O otherwise.
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27, ey and Zp x 2-generated (po-)varieties

a+aI
32 oa

The order is definable: x < y IFF 1 = x\y.
The term 7(x) := ~x? - (x + x) equals 1 if x = a, and equals O otherwise.

(quasi-)inequational bases (CONJECTURE) for the varieties generated by

° 222,{5}
- Boolean axioms instances in (-, +, ~, 0) for x?
- ipo-monoid axioms
- x3=x
- 1) T(y) < T(%) - (~(xy))?

@ Zox2
- Boolean axioms instances in (-, +, ~, 0) for x°
- ipo-monoid axioms

- () = ()
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