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Boolean Circuits

Source: https://en.wikipedia.org/wiki/Boolean_circuit



https://en.wikipedia.org/wiki/Boolean_circuit

Functional Completeness

Examples of (minimal) functional complete sets
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Functional Completeness

We can use NAND gates to construct any possible
Boolean circuit

NOT = — Yo
AND = ] p—1 p—

OR =
7

*Circuits created with CircuitVerse: https://circuitverse.org/



https://circuitverse.org/
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We can use NAND gates to construct any possible
Boolean circuit
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Functional Completeness

We can use NAND gates to construct any possible
Boolean circuit
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Insight: There is implicit control flow in every Boolean circuit
Problem: How to make it explicit?



Control-Driven Boolean
Circuits
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Control-Driven Circuits

Definition 1 (Computation Unit). A computation unit is the indexed family
(Tk ) ken where To= 1 is a constant function and, for k > 0, T is the k-ary NAND
operator B¥ — B given by 1% (b1,...,bx) = —(b1 A -+ Aby).

Definition 2 (Control-Driven Boolean Circuit). A control-driven Boolean
circuit \ is a 10-tuple (V,U,1,0, X, s,t,0,T,c) where:
— V s a non-empty finite set of variables,
— U 1is a finite set of computation units,
— I is a finite set of input flows linking variables to computation units,
— O 1s a finite set of output flows linking computation units to variables,
— XY C{1,B} is a non-empty finite set of types,
— s: I -V is a function that specifies the source variable of each input flow,
— 7: I - U s a function that defines the target unit of each input flow,
— 0: O -» U 1is a function that specifies the source unit of each output flow,
— t: O = V 1s a function defining the target variable of each output flow and
— c:'V — X is a function that assigns a type to each variable,

such that o [(cor)-1(1) and T [(cos)-1(1) are surjective and there is at least one

variablev € V' \ s(I) and at least one variable w € V' \ t(0) with c(v) = 1 = c(w). 1



Control-Driven

Definition 2 (Control-Driven Boolean Circuit). A control-driven Boolean

Circuits

circuit A is a 10-tuple (V,U, 1,0, X, s,t,0,T,c)

(a) NOT circuit

(b) AND circuit
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Circuit Interfaces

Definition 3 (Circuit Interface). The interface of a circuit X\ is a tuple
(V*T, V™) where VT and V'~ are the sets V \ t(O) and V \ s(I), respectively.

(c) OR circuit
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Soundness

Definition 4 (Sound Circuit). A circuit is sound if every v € s(I) UV ™ sat-

isfies v 2w for some w e V.

(c) OR circuit

o[-
© T s -m--o -
O
T L —>|-m
Y S Fa»-mo--+-— _
(o} - O
[l Computation unit O Control invar 0 Boolean invar
-+ - Control flow ® Control outvar ® Boolean outvar
—— Boolean flow O Control inoutvar © Boolean inoutvar

14



Primitive and trivial Circuits
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Trivial Circuits
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(b) where V = s(I)At(O) and |U| = 1.

Primitive Circuits

Proposition 1. FEvery primitive circuit is sound.
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Circuit Morphisms

Definition 5 (Circuit Morphism). A circuit morphism a: Ay — Ao is a tuple
(ay,ay,ar, ap,as) of total functionsay: Vi — Vo, apy: Uy —» U, ay: [T — I,
ao: 01 = O and ax: Xy — Xy, satisfying the condition i(a) U d(a) C ViF UV,

with i(a) ;= {v e V; | eay (v) \ av (ov) # 0} and d(a) == {v € Vi | ay(v) o
\ay (ve) # 0}, and making the following diagram commute:

ay

Va
T‘fi\l\»&%z,‘zw’;ﬂf\sz
T1|

\)S ; n Ot |

ay

Qg

(av,av,ar,a0,as)o(Bv, Bu, B, Bo, Bs) =

16
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Adjoint Morphisms

Definition 6 (Adjoint Morphism). An adjoint \= of a circuit A is a cir-
cuit monomorphism Ao — X\ where \o is a trivial circuit with AU (Vo) = VY and
O={+,—}. If0 =+, it is called in-adjoint; otherwise, it is called out-adjoint.
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Proposition 2. For any circuit morphism a: A1 — A2, we have ay,' (VoF) C V;+
and a;rl(%_) C V. 17



Colimit Constructions

Definition 7 (Pushout). The pushout A1+, A2 of a span p := | < Ao LN Ao
of circuit morphisms is obtained by computing quotient sets componentwise. For
example, the set of variables of A\ +x, A2 is given by V1 UVy/ ~ where ~ is the
finest equivalence relation given by oy (v) ~ By (v) for allv € V. The pushout of

-

p exists only if a(i(8)) U a(6(B)) € Pt U P and B(i()) U B(8(a)) C Py U Py .

Definition 8 (Coproduct). The coproduct A\1 + A2 of circuits A1 and A2 is
obtained by computing disjoint union componentwise such that the two canonical
coproduct morphisms associated with A1 + Ao are circuit monomorphisms.
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Composition Operators
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Sequential Circuits

Definition 9 (Sequentiable Span). A span \; < Ao LN A2 is sequentiable if
Ao 18 a trivial circuit, and a and 8 are monomorphisms satisfying oy (Vo) C V|~
and By (Vo) C Vs, respectively. If oy (Vo) = Vi and By (Vo) = V,', the span is
totally sequentiable; otherwise, it is partially sequentiable.

Definition 10 (Sequential Circuit). Let p := \; < )g LN Ao be a sequen-
tiable span of circuit morphisms. If p is totally sequentiable, its pushout is called
a total sequential circuit A1 >, A2. Otherwise, its pushout is a called a partial
sequential circuit A\ >, A2. The operations to form total and partial sequential
circuits are called total sequencing and partial sequencing, respectively.
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Sequential Circuits

Proposition 3. If \{ 5 A3 L Ao is the cospan induced by the pushout of a

sequentiable span A1 <~ Ao E> A2, then v and @ are circuit monomorphisms.

Proposition 4. Assume p := A\ < Ao LN A2 18 a sequentiable span of circuit

morphisms. If A\ R A3 i3 Ao is the cospan induced by the pushout of p, then
(Vi) C V5™ and 8y (V3 ) C Vy .

Proposition 5. Assume p:= A\ < Ao LN Ao is a totally sequentiable span of
circuit morphisms. If A\q AW L Ao is the cospan induced by the pushout of p,

then vy (V7)) = V:;r and Oy (Vy ) =V; .

Theorem 1. Up to isomorphism, the unit circuit o serves as the left- and right-
identity for (total or partial) sequencing.

Theorem 2. Total sequencing is associative up to isomorphism. 21



Parallel Circuits

Definition 11. A parallel circuit A1 + Ao is a coproduct of A1 and As.

Theorem 3. Parallelising is associative and commutative up to isomorphism.

Parallel NOT circuit

22



Branching Circuits

Definition 12 (Branchmg Circuit). Let p be the diagram formed by the spans
S AT Mg
LOR: = )\g > Ag and )\2 < )\1

> A3 of adjoint morphisms. A branching cir-

cuit Xo?,A3 is the colimit of p, computed as Ay 4,41, A3. By Definition 6, g
and A1 are necessarily trivial circuits.

T
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Oscillatory dynamics of a p53-Mdm?2
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Branching Circuits

S A
Proposition 6. If p is the diagram formed by the spans Ao <— Ao —= A3 and
A, As
Ao ¢ A1 —= A3, Ao and A\, are the domains of the in- and out-adjoints of

A2? 53, respectively.

Theorem 4. Branching is commutative up to isomorphism.

Theorem 5. Branching is associative up to isomorphism.
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Iterative Circuits

Definition 13 (Head-Iterative Circuit). A head-iterative circuit x,A is the
colimit of a diagram p of adjoint morphisms:

AT Ay
Ao S A, —— A m \
2 4557 M T M T s

where A, A2, Az and Ay are sound circuits, and Ay and Ay are trivial (see Defi-
nition 6). The colimit of p is computed as (Mg 42, A) +(ng+21) (A2 +2g A3).

25



Tail-Iterative Circuits

Definition 14 (Tail-Iterative Circuit). A tail-iterative circuit Ax, is the col-
wmit of a diagram p of adjoint morphisms:

AL AT

Ag )qu.—}}hg{—)tl
}tz)cﬂ"”’f ;THAHT H_EH)I;;L

where A, Az, Az and Ay are sound circuits, and Ay and Ay are trivial (see Defini-
tion 6). The colimit of p is computed as ((Az2 +x, Az) +x; (A3 +2a, A1) +rg+a0) A

26



Constructing a Tail-Iterative
Circuit

Toggle action of a clocked set-reset flip-flop

Se | Bn | Qn | Snv1="Q@n1 | Bap1=CQnir | Quii =SV (-RAQL)
0 0 0 1 0 0
Hold
0 0 1 0 1 1
0 1 0 1 0 0
Reset
0 1 1 1 0 0
1 0 0 0 1 1
Set
1 0 1 0 1 1
1 1 0 0 1 1
Invalid
1 1 1 0 1 1
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Constructing a Tail-Iterative
Circuit
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Constructing a Tail-Iterative
Circuit
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Constructing a Tail-Iterative
Circuit

Next |
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Circuit Dynamics

31



Circuit State

Definition 15 (Circuit State). The state of a circuit A at time j is a partial
function 67 : V — {x,0,1} where for all v € Dom(8?):

c(v) =1 <= & (v) € {*} and
c(v) =B <<= §(v) € {0,1}

A state §7 is initial if Dom(8?) = VT or final if Dom(§?) =V .

¥ o |- o |-
1o T hE4r-D--23- © T har-D--3-

© = |-. © - —|-m X
X O+ |- FaE=-0-=-%- T " n g el FaE=-0-=-%- T el
0o = —— O = ——>

An Initial State A Final State 32



Choosing Units for Reduction

Definition 16 (Unit Status). Given a circuit A and a state &, a computation
unit u € U is enabled under 67 if eu C Dom(§?); otherwise, u is idle under 67.

Definition 17 (Ready Units). Let E7 be the finite set of computation units

enabled under & and ~ the equivalence relation {(u1,uz) € E? x E7 | eu; = eusy}.

If A is the partition induced by ~ and f is the random choice function on A, the
set R? of computation units ready to be reduced under 8’ is {f(E) | E € A}.

X o |- E
These two units 10 N PO |
areinRY ———— | ° r bl
* o -2 FaE=-0-=3- .
OC: - ©
E
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Unit Reduction and State
Transition

Definition 18 (Unit Reduction). If X is a circuit with u € R’ and B is the
set {v € ou | c(v) = B}, the result [u]’ of reducing v under §7 is given by:

[ul’ = w(IB)(& (b), ..., 8" (byp))) =tip| (67 (b1),- .., 0" (b))

| B|
! B =0
{ﬁ(éﬂ (by) A+ A 5J(b|B|)) otherwise where kL:Jl{ k}

Definition 19 (State Transition). Given the state 8 of a circuit X for j > 0,
87+ is computed as follows for each v € V:

* (Ju e R))[veue andc(v) = 1]

F ) =< [u]! (Gue Ri)jvecue andc(v) =B
87 (v) v € Dom(67) and (Fu € R7)[v € eu U ue]

Definition 20 (Circuit Termination). A circuit A terminates if and only if 34
there is a finite orbit of states from its initial state to its final state.



Unit Reduction and State
Transition
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Control-Driven vs Classical

36



NAND Circuits are Control-

Driven Circuits!

Theorem 6. Every NAND circuit is a control-driven Boolean circuit.
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NAND Circuits are Control-

Driven Circuits!

Proposition 7. The control-driven circuit A of a NAND circuit C is sound.
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Non-Uniform Computation

Theorem 7. For any Boolean function {0,1}* — {0,1} there is a family of
control-driven Boolean circuits able to compute it.

39



Non-Uniform Computation
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Conclusions

Families of control-driven Boolean circuits
Non-uniform model of computation
Colimit-based composition operations:
Partial sequencing (identity)
Total sequencing (identity, associative)
Parallelising (commutative, associative)
Branching (commutative, associative)
Iteration
Showed that every NAND circuit is a control-driven one
Other functional complete sets can be used for extra expressivity!
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Future Work

Decomposition operators
Less complex circuits in terms of size upon transformation

Characterisation of Boolean functions that can be represented via
iteration

More expressive branching structures via:
Pre/Post-conditions

Probabilistic choice

42



Thank you for attending!
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